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Abstract
This is a foundational paper on flows of G2-structures. We use local coordinates to describe
the four torsion forms of a G2-structure and derive the evolution equations for a general flow
of a G2-structure ϕ on a 7-manifold M . Specifically, we compute the evolution of the metric g,
the dual 4-form ψ, and the four independent torsion forms. In the process we obtain a simple
new proof of a theorem of Ferna´ndez-Gray.
As an application of our evolution equations, we derive an analogue of the second Bianchi
identity in G2-geometry which appears to be new, at least in this form. We use this result to
derive explicit formulas for the Ricci tensor and part of the Riemann curvature tensor in terms
of the torsion. These in turn lead to new proofs of several known results in G2-geometry.
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1 Introduction
1.1 Overview
This work can be considered as a foundational paper on geometric flows on manifolds with G2-
structure. This article also serves a second purpose, which is to collect together many useful iden-
tities, relations, and computational techniques for manifolds with G2-structure, some of which have
never before appeared in the literature, although they may be known to experts in the field.
Most research in geometric flows, such as Ricci flow or mean curvature flow, is done using local
coordinates, and this paper describes such an approach for flows of G2-structures. One advantage
to such an approach is that we can appeal to known results on the evolution of quantities which
depend only on the variation of the metric, such as the Christoffel symbols and the Riemann, Ricci,
and scalar curvatures, as can be found, for example, in [5]. The author hopes that the foundational
results collected here will be useful to others, particularly researchers working on geometric flows
who may not yet be familiar with G2-structures.
A general evolution of a G2-structure is described by a symmetric 2-tensor h and a vector field
X , and it is only h which affects the evolution of the associated Riemannian metric. On the other
hand, for the various geometric quantities unique to G2-structures, such as the four torsion forms,
their evolution is determined by both h and X .
To date the only attempt at considering a flow of G2-structures has been the Laplacian flow
discussed in [2]. When restricted to closed G2-structures, this flow is actually the gradient flow
(with respect to an appropriately chosen inner product) for the Hitchin functional introduced in [10]
(arXiv version.) This flow is still not very well understood.
It is not clear if the Laplacian flow is really the ‘natural’ flow to consider for G2-structures, or
indeed if there even exists a natural flow at all in this context. The advantage of developing the
general theory of flows of G2-structures is that it allows us to examine the evolution equations for
the torsion under a general flow in the hopes that one can find obvious choices for specific flows
which might have nice properties. This is clearly more efficient than trying to guess the right flow
and computing all the associated evolution equations from scratch each time.
The main results of this paper are Theorem 3.8 on the evolution of the full torsion tensor under
a general flow of G2-structures, and Theorem 4.2 which proves a Bianchi-like identity relating the
Riemann curvature and intrinsic torsion of a G2-structure.
In the rest of Section 1, we review our notation and conventions. In Section 2, we review G2-
structures, the decomposition of the space of forms, and the intrinsic torsion forms of a G2-structure.
Along the way we provide a simple new computational proof of a Theorem of Ferna´ndez-Gray [8].
Section 3 is the heart of the paper, where we compute the evolution equations for the metric, dual
4-form, and torsion forms for a general flow of G2-structures. In Section 4, we apply our evolution
equations to derive Bianchi-type identities in G2-geometry, and use these to produce new proofs
of several known results. We also obtain an explicit formula for the Ricci tensor of a general G2-
structure in terms of the torsion. The paper closes with two appendices; the first of which discusses
various identities in G2-geometry, some of which are new and which should be useful in other contexts
as well, and the second collecting some standard facts about flows of metrics.
The author is currently preparing a sequel [16] to this paper in collaboration with S.T. Yau, in
which we present a detailed analysis of several specific flows, including the Laplacian flow and the
Ricci flow in the context of G2-geometry. We also discuss short-time existence and soliton solutions.
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1.2 Notation and Conventions
In this section we set up our notation and conventions. Throughout this paper, M is a (not neces-
sarily compact) smooth manifold of dimension 7 which admits a G2-structure. (See Section 2.1 for
a review of G2-structures.) The Einstein summation convention is employed throughout: an index
which appears both as a subscript and as a superscript in the same term is summed from 1 to 7.
We use S7 to denote the group of permutations of seven letters, and sgn(σ) denotes the sign (±1)
of an element σ of S7.
The space of k-forms on M will be denoted by Ωk. It is the space of sections of the bundle
Λk(T ∗M). A differential k-form α on M will be written as
α =
1
k!
αi1i2···ik dx
i1 ∧ dxi2 ∧ · · · ∧ dxik
in local coordinates (x1, . . . , x7), where the sums are all from 1 to 7, and αi1i2···ik is completely
skew-symmetric in its indices. With this convention α can also be written as
α =
∑
i1<i2<···<ik
αi1i2···ikdx
i1 ∧ dxi2 ∧ · · · ∧ dxik
but we will not have need to do so. The advantage of this approach is that if we take the interior
product ∂
∂xm
α of the k-form α with a vector field ∂
∂xm
, we obtain the (k − 1)-form
∂
∂xm
α =
1
(k − 1)!
αmi1i2···ik−1 dx
i1 ∧ dxi2 ∧ · · · ∧ dxik−1
Given a Riemannian metric g on M , it induces a metric on k-forms which is defined on decom-
posable elements to be
g(dxi1 ∧ · · · ∧ dxik , dxj1 ∧ · · · ∧ dxjk ) = det
a,b=1,...,k
(g(dxia , dxjb)) = det(giajb)
=
∑
σ∈S7
sgn(σ)gi1jσ(1)gi2jσ(2) . . . gikjσ(k)
where gij = g(dxi, dxj) is the induced metric on the cotangent bundle and gij is the inverse matrix
of the matrix gij . With this convention, one can check that the inner product of two k-forms
α = 1
k!αi1···ik dx
i1 ∧ · · · ∧ dxik and β = 1
k!βj1···jk dx
j1 ∧ · · · ∧ dxjk is
g(α, β) =
1
k!
αi1···ikβj1···jkg
i1j1 . . . gikjk (1.1)
which differs from other conventions by the factor of k!.
The Levi-Civita covariant derivative associated to g is denoted by∇, and its associated Christoffel
symbols by Γkij , where Γ
k
ij = Γ
k
ji. We write ∇i for covariant differentiation in the
∂
∂xi
direction. In
local coordinates, we have ∇i (dx
k) = −Γkijdx
j . If Ti1···ik is a tensor of type (0, k), then ∇m Ti1···ik
always means (∇m T )i1···ik , which is
∇m Ti1···ik =
∂
∂xm
Ti1···ik − Γ
l
mi1Tli2···ik − Γ
l
mi2Ti1l···ik − · · · − Γ
l
mik
Ti1i2···l (1.2)
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and is a tensor of type (0, k + 1). Because the metric g is parallel with respect to ∇, covariant
differentiation commutes with contractions. Explicitly, we have
∇m
(
Tai1···ikSbj1···jlg
ab
)
= (∇m Tai1···ik)Sbj1···jlg
ab + Tai1···ik (∇m Sbj1···jl) g
ab
where T is a (0, k + 1) tensor and S is a (0, l + 1) tensor.
The exterior derivative dα of a k-form α can be written in terms of the covariant derivative as
dα =
1
k!
(
∇m αi1···ik + Γ
l
mi1αli2···ik + · · ·+ Γ
l
mik
αi1i2···l
)
dxm ∧ dxi1 ∧ · · · ∧ dxik
=
1
k!
(∇m αi1···ik) dx
m ∧ dxi1 · · · ∧ dxik (1.3)
since the Γkij ’s are symmetric in i, j. We will always write exterior derivatives of forms in this way.
The metric g determines a ‘musical’ isomorphism between the tangent and cotangent bundles of
M . If v is a vector field, then the metric dual 1-form v♭ is defined by v♭(w) = g(v, w) for all vector
fields w. In coordinates,
(
∂
∂xi
)♭
= gikdx
k. Similarly a 1-form α has a metric dual vector field α♯
defined by β(α♯) = g(α, β) for all 1-forms β, and
(
dxi
)♯
= gik ∂
∂xk
. This isomorphism is an isometry:
g(v♭, w♭) = g(v, w).
We use ‘vol’ to denote the volume form on M associated to a metric g and an orientation, rather
than something like dvol, to avoid confusion, since the volume form is never exact on a compact
manifold. In local coordinates the volume form is
vol =
√
det(g) dx1 ∧ · · · ∧ dx7
where det(g) is the determinant of the matrix gij = g(
∂
∂xi
, ∂
∂xj
).
The metric and orientation together determine the Hodge star operator ∗ taking k-forms to
(7− k)-forms, characterized by the relation
α ∧ ∗β = g(α, β) vol
on two k-forms α and β. We also have ∗2 = 1. Suppose v is a vector field and α is a k-form. The
interior product, wedge product, and Hodge star operator are all related by the following identities
(the signs here are all specific to the odd dimension 7):
∗(v α) = (−1)k+1(v♭ ∧ ∗α) (1.4)
∗(v ∗α) = (−1)k(v♭ ∧ α)
v vol = ∗v♭
More details can be found, for example, in [14].
We also have need to consider the adjoint δ = d∗ : Ωk → Ωk−1 of the exterior derivative, with
respect to the metric. This operator is called the coderivative and it satisfies∫
M
g(dα, β) vol =
∫
M
g(α, δβ) vol
whenever M is compact without boundary. The operator δ can be written in terms of d and ∗ as
δ = (−1)
k
∗ d ∗ on Ωk (1.5)
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where again, the signs are specific to the odd dimension 7 which we consider exclusively throughout
this paper. The coderivative δ can be written in terms of the metric g and the covariant derivative
∇ as follows:
δα =
1
(k − 1)!
(δα)i1i2···ik−1 dx
i1 ∧ dxi2 ∧ · · · ∧ dxik−1
where (δα)i1i2···ik−1 = −g
lm∇l αmi1···ik−1 (1.6)
We need the expression for the Lie derivative LY (α) of a tensor α in the direction of a vector
field Y in terms of the covariant derivative. Suppose α = αi1···ik is a tensor, where αi1···ik =
α( ∂
∂xi1
, . . . , ∂
∂xik
). Then by the Liebnitz rule for both LY and ∇Y , we have
(LY (α))i1···ik = Y (αi1···ik)−
k∑
j=1
α(
∂
∂xi1
, . . . ,LY (
∂
∂xij
), . . . ,
∂
∂xik
)
= Y (αi1···ik)−
k∑
j=1
α(
∂
∂xi1
, . . . ,∇Y (
∂
∂xij
)−∇ij Y, . . . ,
∂
∂xik
)
= (∇Y α)i1···ik + (∇i1 Y
l)αli2···ik + · · ·+ (∇ik Y
l)αi1···ik−1l (1.7)
Finally, we discuss our conventions for labelling the Riemann curvature tensor. We define
Rmijk
∂
∂xm
= (∇i∇j −∇j∇i )(
∂
∂xk
)
in terms of coordinate vector fields (so the usual Lie bracket term vanishes), and we choose to lower
indices by
Rijkl = R
m
ijkgml
With this convention, the Ricci tensor must be defined as Rjk = Rijklg
il to ensure that the round
sphere has positive Ricci curvature. Recall that we have
Rijkl = −Rjikl = −Rijlk = Rklij
and the first Bianchi identity
Rijkl +Riklj +Riljk = 0 (1.8)
We will also need the Ricci identity
∇k∇iXl −∇i∇kXl = −RkilmX
m (1.9)
Two possible references for this section (although the conventions do not always agree with ours)
are [6, 11].
1.3 Acknowledgements
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2 Manifolds with G2-structure
In this section we review the concept of a G2-structure on a manifold M and the associated de-
compositions of the space of forms. More details about G2-structures can be found, for example,
in [2, 13, 14, 18]. We also describe explicitly the four torsion tensors associated to a G2-structure and
compute their expressions in local coordinates. These results are needed to determine the evolution
equations of the torsion tensors in Section 3.3.
2.1 Review of G2-structures
Consider a 7-manifold M with a G2 structure ϕ. Such a structure exists if and only if M is
orientable and spin, which is equivalent to the vanishing of the first and second Stiefel-Whitney
classes w1(M) = w2(M) = 0. In fact the space of 3-forms ϕ onM which determine a G2-structure is
an open subbundle Ω3pos of the bundle Ω
3 of 3-forms on M , sometimes called the bundle of positive
3-forms. Such a structure determines a Riemannian metric and an orientation in a non-linear fashion
which we now describe. Given local coordinates x1, . . . , x7, we define
Bij dx
1 ∧ . . . ∧ dx7 = (
∂
∂xi
ϕ) ∧ (
∂
∂xj
ϕ) ∧ ϕ (2.1)
It is clear that Bij = Bji. This top form can be shown to be equal to
Bij dx
1 ∧ . . . ∧ dx7 = −6gijvol = −6gij
√
det(g) dx1 ∧ . . . ∧ dx7 (2.2)
In other words, the 3-form ϕ naturally determines the tensor product of the metric gij with the
volume form vol. From this we can extract the metric gij and subsequently the volume form vol as
follows.
Bij =
(
(
∂
∂xi
ϕ) ∧ (
∂
∂xj
ϕ) ∧ ϕ
) (
∂
∂x1
, . . . ,
∂
∂x7
)
Bij = −6gij
√
det(g)
det(B) = (−6)7 det(g) det(g)
7
2 = −67 det(g)
9
2√
det(g) = −
1
6
7
9
det(B)
1
9
gij = −
1
6
Bij√
det(g)
=
1
6
2
9
Bij
det(B)
1
9
7
Some authors chose a different convention in which the (−6) factor above is actually a (+6). Since
this cancels out in the above calculation, the equation
gij =
1
6
2
9
Bij
det(B)
1
9
(2.3)
is true for both sign conventions (see [15].)
We stress that the tensor B is actually a section of Sym2(T ∗M) ⊗ ∧7(T ∗M). Therefore, if we
change to a new basis dxi = P il dx˜
l, then B˜ij = P
k
i P
l
j det(P )Bkl from which it follows from (2.3)
that g˜ij = P
k
i P
l
jgkl as expected.
The metric g and orientation (determined by the volume form) determine a Hodge star operator
∗, and we therefore have the associated dual 4-form ψ = ∗ϕ. The metric also determines the Levi-
Civita connection ∇, and the manifold (M,ϕ) is called a G2 manifold if ∇ϕ = 0. Note that this
is a nonlinear partial differential equation for ϕ, since ∇ depends on g which depends non-linearly
on ϕ. Such manifolds (where ϕ is parallel) have Riemannian holonomy Holg(M) contained in the
exceptional Lie group G2 ⊂ SO(7).
The G2-structure corresponding to the 3-form ϕ is also called torsion-free if ϕ is parallel with
respect to the metric gϕ induced by ϕ. Torsion-free G2-structures have sometimes been called
‘integrable’ by some authors, but since that term has also been used in different contexts as well, we
prefer to stick to the unambigous ‘torsion-free’ at all times. See also [2] for more discussion about
the sometimes confusing terminology about G2-structures.
In [8], the following theorem is proved.
Theorem 2.1 (Ferna´ndez-Gray, 1982). The G2-structure corresponding to ϕ is torsion-free if and
only if ϕ is both closed and co-closed:
dϕ = 0 d ∗ϕ ϕ = dψ = 0
More recent proofs of this theorem can be found in [4, 13, 2].
Remark 2.2. A differential form ϕ is harmonic if (dd∗ + d∗d)ϕ = 0. On a compact manifold, this is
equivalent to dϕ = 0 and d ∗ ϕ = 0. Since a parallel differential form is always closed and co-closed,
Theorem 2.1 says that for a compact manifold with G2 structure ϕ, the 3-form ϕ being parallel is
equivalent to it being harmonic (with respect to its induced metric.)
Remark 2.3. It is well known (see [13], for example), that for a G2-manifold the holonomy must be
one of the following four possibilities:
Holg(M) = {1} ⇔ b1(M) = 7
Holg(M) = SU(2) ⇔ b1(M) = 3
Holg(M) = SU(3) ⇔ b1(M) = 1
Holg(M) = G2 ⇔ b1(M) = 0
We are interested in constructing manifolds with full holonomy G2, and not a strictly smaller sub-
group. Therefore we can assume that the fundamental group pi1(M) is finite.
Remark 2.4. There are some topological obstructions (in the compact case) to the existence of a
torsion-free G2-structure which are known. First, we need b3(M) ≥ 1, since the 3-form ϕ is a non-
zero harmonic 3-form, and hence represents a non-trivial cohomology class by the Hodge theorem.
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Additionally, if we insist on full holonomy G2 rather than a strictly smaller subgroup, then we must
have b1(M) = 0, which was already mentioned in Remark 2.3, and also that the first Pontryagin
class p1(M) of the manifold must be non-zero. There are also some conditions on the cohomology
ring structure. A detailed discussion can be found in [13]. Of course, sufficient conditions for the
existence of a torsion-free G2-structure (analogous to the Calabi conjecture in Ka¨hler geometry) are
far from being known.
2.2 Decomposition of the space of forms
The existence of a G2-structure ϕ on M (with no condition on ∇ϕ) determines a decomposition of
the spaces of differential forms on M into irreducible G2 representations. This is analogous to the
decomposition of complex-valued differential forms on an almost complex manifold into forms of
type (p, q). We will see explicitly that the spaces Ω2 and Ω3 of 2-forms and 3-forms decompose as
Ω2 = Ω27 ⊕ Ω
2
14
Ω3 = Ω31 ⊕ Ω
3
7 ⊕ Ω
3
27
where Ωkl has (pointwise) dimension l and this decomposition is orthogonal with respect to the
metric g. The spaces Ω27 and Ω
3
7 are both isomorphic to the cotangent bundle Ω
1
7 = T
∗M (and
hence also to the tangent bundle TM .) We show below that the space Ω214 is isomorphic to the
Lie algebra g2, and Ω
3
27 is isomorphic to the traceless symmetric 2-tensors Sym
2
0(T
∗M) on M . The
explicit descriptions are as follows:
Ω27 = {X ϕ; X ∈ Γ(TM)} = {β ∈ Ω
2; ∗(ϕ ∧ β) = −2β} (2.4)
Ω214 = {β ∈ Ω
2; β ∧ ψ = 0} = {β ∈ Ω2; ∗(ϕ ∧ β) = β} (2.5)
Ω31 = {fϕ; f ∈ C
∞(M)} (2.6)
Ω37 = {X ψ; X ∈ Γ(TM)} (2.7)
Ω327 = {hijg
jl dxi ∧
(
∂
∂xl
ϕ
)
; hij = hji , Trg(hij) = g
ijhij = 0} (2.8)
The decompositions Ω4 = Ω41 ⊕Ω
4
7 ⊕Ω
4
27 and Ω
5 = Ω57 ⊕Ω
5
14 are obtained by taking the Hodge star
of the decompositions of Ω3 and Ω2, respectively.
Remark 2.5. There is another orientation convention for G2-structures which differs from this one.
In the other convention, the eigenvalues of the operator β 7→ ∗(ϕ ∧ β) are +2 and −1 instead of −2
and +1, respectively. See [15] for more on sign and orientation conventions in G2 geometry.
We now establish the decompositions of the spaces Ω2 and Ω3 in detail. Let β = 12βij dx
i ∧ dxj
be an arbitrary 2-form. Then we have
∗(ϕ ∧ β) =
1
2
βij ∗ (dx
i ∧ dxj ∧ ϕ) =
1
2
βijg
il ∂
∂xl
∗(dxj ∧ ϕ)
= −
1
2
βijg
ilgjm
∂
∂xl
∂
∂xm
∗ϕ = −
1
2
βijg
ilgjm
(
1
2
ψmlab dx
a ∧ dxb
)
=
1
4
βijψlmabg
ilgjm dxa ∧ dxb
9
where we have used (1.4) twice. This computation allows us to express the projection operators pi7
and pi14 from Ω
2 to Ω27 and Ω
2
14, respectively, as follows. From (2.4) and (2.5), we see that
pi7(β) =
1
3
β −
1
3
∗ (ϕ ∧ β) pi14(β) =
2
3
β +
1
3
∗ (ϕ ∧ β)
Hence for β = 12 βijdx
i ∧ dxj , we have
pi7(β) =
1
2
(
1
3
βab −
1
6
βijg
ilgjmψlmab
)
dxa ∧ dxb (2.9)
pi14(β) =
1
2
(
2
3
βab +
1
6
βijg
ilgjmψlmab
)
dxa ∧ dxb (2.10)
The alternative characterizations of Ω27 and Ω
2
14 given in (2.4) and (2.5) can also be expressed in
local coordinates: β ∈ Ω27 if and only if β = X ϕ for some vector field X , which is equivalent to
βij = X
kϕijk , and β ∈ Ω
2
14 if and only if ψ ∧ β = 0, which, using (1.4), becomes βijg
ilgjmϕlmk = 0.
We summarize the descriptions of Ω2 in the following:
Proposition 2.6. Let β = 12 βij dx
i ∧ dxj be in Ω2. Then
β ∈ Ω27 ⇔ βijg
ilgjmψlmab = −4 βab ⇔ βij = X
kϕijk
β ∈ Ω214 ⇔ βijg
ilgjmψlmab = 2 βab ⇔ βijg
ilgjmϕlmk = 0
Remark 2.7. It is an enlightening exercise to establish the above equivalences (in index notation)
directly using the identities of Lemmas A.12, A.13, and A.14.
Remark 2.8. Because the space Ω27 is isomorphic to the space of vector fields (and also to the
space of 1-forms), it is convenient to be able to go back and forth between the two descriptions. If
X = Xk ∂
∂xk
is a vector field, the associated Ω27 form, by Proposition 2.6, is
1
2Xab dx
a ∧ dxb, where
Xab = X
lϕlab. It is easy to check using Lemma A.12 that we can solve for X
k in this expression as
Xk = 16Xabϕmpqg
apgbqgmk. In summary,
Xab = X
lϕlab ⇔ X
k =
1
6
Xabϕmpqg
apgbqgmk (2.11)
which we will have occasion to use frequently.
We need a few more relations involving Ω27 and Ω
2
14 which will be used to simplify the evolution
equations for the torsion forms in Section 3.3.
Lemma 2.9. Suppose βij is a 2-form. Then if βij ∈ Ω
2
14,
βabg
blϕlpq = βplg
lmϕmaq − βqlg
lmϕmap (2.12)
whereas if β ∈ Ω27, then
βabg
blϕlpq = −
1
2
βplg
lmϕmaq +
1
2
βqlg
lmϕmap −
3
2
gpaβq +
3
2
gqaβp (2.13)
where in this case βk =
1
6 βijg
iagjbϕabk as given by (2.11).
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Proof. We prove both statements at once. By Proposition 2.6, we can write βab = λβijg
imgjnψmnab
where λ = 12 if β ∈ Ω
2
14 and λ = −
1
4 if β ∈ Ω
2
7. Now we use Lemma A.13 and compute
βabg
blϕlpq = λβijg
imgjn(ϕpqlψmnabg
lb)
= λβijg
imgjn(gpmϕqna + gpnϕmqa + gpaϕmnq − gqmϕpna − gqnϕmpa − gqaϕmnp)
= λ(βpjg
jnϕqna + βipg
imϕmqa + 6gpaβq − βqjg
jnϕpna − βiqg
imϕmpa − 6gqaβp)
where βk = 0 if β ∈ Ω
2
14 by Proposition 2.6. This can be simplified to
βabg
blϕlpq = λ( 2βplg
lmϕmaq − 2βqlg
lmϕmap + 6gpaβq − 6gqaβp )
and the statements now follow by substituting the value of λ in each case.
Corollary 2.10. The space Ω214 is a Lie algebra with respect to the commutator of matrices:
[β, µ]ij = βilg
lmµmj − µilg
lmβmj
Proof. We know that Ω2 ∼= so(7), and that the matrix commutator is a Lie algebra bracket on Ω2
which satisfies the Jacobi identity. We need to show is that the bracket of two elements of Ω214 is
again in Ω214. Suppose β and µ are in Ω
2
14. Then [β, µ] ∈ Ω
2
14 if and only if
[β, µ]ijg
iagjbϕabc = 0
We have
[β, µ]ijg
iagjbϕabc = βilg
lmµmjg
iagjbϕabc − µilg
lmβmjg
iagjbϕabc
= βilg
lmµmjg
iagjbϕabc + µilg
lmgia(βakg
knϕnmc − βckg
knϕnma)
where we have used (2.12) in the last line above since β ∈ Ω214. The first two terms cancel each
other, and the last term vanishes by Proposition 2.6, since µ ∈ Ω214.
Remark 2.11. Of course, Ω214
∼= g2, the Lie algebra of G2.
We can regard a vector field Xk as a Ω27 form Xab by (2.11). Given a 2-form βij , it acts on X
k
by matrix multiplication: (β(X))m = βijX
jgim to give another vector field β(X), which we can
turn into a Ω27-form by (β(X))ab = (β(X))
mϕmab.
Proposition 2.12. If β ∈ Ω214, then
(β(X))ab = [β,X ]ab (2.14)
whereas if β ∈ Ω27, then
(β(X))ab = −
1
2
[β,X ]ab −
3
2
βaXb +
3
2
βbXa (2.15)
where [β,X ] is the matrix commutator of β and X regarded as elements of Ω2.
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Proof. We use (2.12) and compute, if β ∈ Ω214:
(β(X))ab = βijX
jgilϕlab = −X
j(βalg
lmϕmjb − βblg
lmϕmja)
= βalg
lmXmb −Xamg
lmβlb = [β,X ]ab
and similarly using (2.13) in the case β ∈ Ω27 to establish (2.15).
To conclude our discussion of Ω2, we note that if β ∈ Ω27, we can also write (β(X))
m =
βijX
jgim = βkXjϕkijg
im, and thus β(X) = −(X β ϕ)♯ = −(β × X), in terms of the cross
product, where we have used (A.2). Therefore equation (2.15) can be restated as
βaXb − βbXa = −
1
3
[β,X ]ab +
2
3
(β♭ ×X)ab (2.16)
However, we see also that
1
6
(βaXb − βbXa)g
aigbjϕijk =
1
3
βiXjϕijk =
1
3
(β ×X)k (2.17)
and therefore, considering the Ω27 parts of (2.15) as vectors via (2.11), and using (2.17) gives
−(β ×X) = −
1
2
pi7([β,X ])−
3
2
(
1
3
β ×X)
from which it follows that
pi7([β,X ]) = β ×X (2.18)
for β ∈ Ω27, which will be used in Section 3.3.
The decomposition of the space Ω3 of 3-forms can be understood by considering the infinitesmal
action of GL(7,R) on ϕ. Let A = Ail ∈ gl(7,R). Hence e
At ∈ GL(7,R), and we have
eAt · ϕ =
1
6
ϕijk (e
Atdxi) ∧ (eAtdxj) ∧ (eAtdxk)
Differentiating with respect to t and setting t = 0, we obtain:
d
dt
∣∣∣∣
t=0
(eAt · ϕ) =
1
6
(
Aliϕljk +A
l
jϕilk +A
l
kϕijl
)
dxi ∧ dxj ∧ dxk
=
1
2
Aliϕljk dx
i ∧ dxj ∧ dxk = Ali dx
i ∧
(
∂
∂xl
ϕ
)
Now let Ali = g
ljAij , and decompose Aij = Sij + Cij into symmetric and skew-symmetric parts,
where Sij =
1
2 (Aij +Aji) and Cij =
1
2 (Aij −Aji). We have a map
D : GL(7,R)→ Ω3
D : A 7→
d
dt
∣∣∣∣
t=0
(eAt · ϕ)
= Sijg
jl dxi ∧
(
∂
∂xl
ϕ
)
+ Cijg
jl dxi ∧
(
∂
∂xl
ϕ
)
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Proposition 2.13. The kernel of D is isomorphic to the subspace Ω214. It is also isomorphic to the
Lie algebra g2 of the Lie group G2 which is the subgroup of GL(7,R) which preserves ϕ.
Proof. Since we are defining G2 to be the group preserving ϕ, the kernel of D is isomorphic to g2
by definition. To show explicitly that this is isomorphic to Ω214, decompose Cij = (C7)ij + (C14)ij ,
where C7 ∈ Ω
2
7 and C14 ∈ Ω
2
14. We have
(C14)ijg
jl dxi ∧
(
∂
∂xl
ϕ
)
=
1
6
(
(C14)
l
iϕljk + (C14)
l
jϕilk + (C14)
l
kϕijl
)
dxi ∧ dxj ∧ dxk
From Proposition 2.6, we have (C14)ij =
1
2 (C14)abg
apgbqψpqij . Using this together with the final
equation of Lemma A.13, one can compute easily that
(C14)
l
iϕljk + (C14)
l
jϕilk + (C14)
l
kϕijl = −2
(
(C14)
l
iϕljk + (C14)
l
jϕilk + (C14)
l
kϕijl
)
and hence that (C14)ijg
jl dxi ∧
(
∂
∂xl
ϕ
)
= 0. Therefore Ω214 is in the kernel of D. We will see below
that D restricted to Ω27 or the symmetric tensors S
2(T ) is injective. This completes the proof.
By counting dimensions, we must have Ω37 = {(C7)ijg
jl dxi ∧
(
∂
∂xl
ϕ
)
} and also Ω31 ⊕ Ω
3
27 =
{Sijg
jl dxi ∧
(
∂
∂xl
ϕ
)
}. We now proceed to establish these explicitly.
To show (C7)ijg
jl dxi ∧
(
∂
∂xl
ϕ
)
is X ψ for some vector field X , we use Proposition 2.6 to write
(C7)ij = (C7)
kϕkij , where (C7)
k = 16 (C7)ijg
iagjbϕabcg
kc, by (2.11). In fact since (C14)ijg
iagjbϕabc =
0, we actually have (C7)
k = 16 Cijg
iagjbϕabcg
kc. Now we use Lemma A.12 and compute:
1
6
(
(C7)ilg
lmϕmjk + (C7)jlg
lmϕimk + (C7)klg
lmϕijm
)
=
1
6
(
(C7)
nϕnilg
lmϕmjk + (C7)
nϕnjlg
lmϕimk + (C7)
nϕnklg
lmϕijm
)
=
1
6
(C7)
n (gnjgik − gnkgij − ψnijk + gnkgji − gnigjk − ψnjki + gnigkj − gnjgki − ψnkij)
=
1
6
(−3(C7)
n)ψnijk =
1
6
Xnψnijk
and hence we have shown that for Cij skew-symmetric,
Cilg
lmϕmjk + Cjlg
lmϕimk + Cklg
lmϕijm = X
nψnijk (2.19)
where Xn = −
1
2
Cijg
iagjbϕabcg
cn
Following the notation of Bryant [2], we define maps i : S2(T ) → Ω3 and j : Ω3 → S2(T ) as
follows (our definition of the map i differs from Bryant’s by a factor of 2):
i(hij) = hijg
jl dxi ∧
(
∂
∂xl
ϕ
)
=
1
2
hliϕljk dx
i ∧ dxj ∧ dxk (2.20)
(j(η))(v, w) = ∗ ((v ϕ) ∧ (w ϕ) ∧ η) (2.21)
We will have several occasions to use the following.
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Proposition 2.14. Suppose that hij is a symmetric tensor. It corresponds to the form η = i(hij)
in Ω3 given by
η = hijg
jl dxi ∧
(
∂
∂xl
ϕ
)
=
1
2
hliϕljk dx
i ∧ dxj ∧ dxk
Then the Hodge star ∗η of η is
∗η =
(
1
4
Trg(h) gij − hij
)
gjldxi ∧
(
∂
∂xl
ψ
)
where Trg(h) = g
ijhij.
Proof. We compute
∗η = hli ∗
(
dxi ∧
(
∂
∂xl
ϕ
))
= hlig
im ∂
∂xm
∗
(
∂
∂xl
ϕ
)
= hlm
∂
∂xm
(
glk dx
k ∧ ψ
)
= hmk
(
δkmψ − dx
k ∧
(
∂
∂xm
ψ
))
=
1
4
Trg(h) δ
l
i dx
i ∧
(
∂
∂xl
ψ
)
− hli dx
i ∧
(
∂
∂xl
ψ
)
where we have used (1.4) several times.
Proposition 2.15. Suppose fij and hij are two symmetric tensors. Let i(f) and i(h) be their
corresponding forms in Ω3. Then we have
i(f) ∧ ∗(i(h)) = g(i(f), i(h)) vol =
(
Trg(f)Trg(h) + 2f
k
l h
l
k
)
vol
Proof. Using Proposition 2.14, we compute i(f) ∧ ∗(i(h)) =
f li dx
i ∧
(
∂
∂xl
ϕ
)
∧
(
1
4
Trg(h)δ
m
k − h
m
k
)
dxk ∧
(
∂
∂xm
ψ
)
= f la
(
1
4
Trg(h)g
mb − hmb
) (
∂
∂xa
)♭
∧
(
∂
∂xb
)♭
∧
(
∂
∂xl
ϕ
)
∧
(
∂
∂xm
ψ
)
= f la
(
1
4
Trg(h)g
mb − hmb
)
(2 galgbm − 2 gamgbl + ψablm) vol
=
(
14
4
Trg(f)Trg(h)− 2Trg(f)Trg(h)−
2
4
Trg(f)Trg(h) + 2 f
l
mh
m
l
)
vol+ 0
=
(
Trg(f)Trg(h) + 2f
k
l h
l
k
)
vol
using Proposition A.11 and the symmetry of fij and hij .
Corollary 2.16. The map i : S2(T ) → Ω3 is injective. It is therefore an isomorphism onto its
image, Ω31 ⊕ Ω
3
27.
Proof. Suppose i(h) = 0. Then Proposition 2.15 gives Trg(h)
2 + giagjbhijhab = 0. The second term
is just g(h, h), the natural inner product on S2(T ). Thus both terms are non-negative and hence
vanish. Therefore g(h, h) = 0, so hij = 0.
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Proposition 2.17. The map j : Ω3 → S2(T ) is an isomorphism between Ω31 ⊕ Ω
3
27 and S
2(T ).
Consequently, Ω37 is the kernel of j. Explicitly, we have
If η = hijg
jl dxi ∧
(
∂
∂xl
ϕ
)
+ (X ψ) = i(h) + (X ψ)
then j(η) = −2Trg(h)gij − 4hij
Proof. The map j is linear. First let η = X ψ. Then
j(η) = ∗ ((v ϕ) ∧ (w ϕ) ∧ (X ψ)) = 0
by Theorem 2.4.7 of [14]. Thus Ω37 is in the kernel of the map j. Now suppose that η = hijg
jl dxi ∧(
∂
∂xl
ϕ
)
= 12h
l
iϕljk dx
l ∧ dxj ∧ dxk. Then we have
(j(η))ab =
1
2
hliϕljk ∗
(
(
∂
∂xa
ϕ) ∧ (
∂
∂xb
ϕ) ∧ dxi ∧ dxj ∧ dxk
)
=
1
8
hliϕljkϕapqϕbmn ∗ (dx
p ∧ dxq ∧ dxm ∧ dxn ∧ dxi ∧ dxj ∧ dxk)
=
1
8
∑
σ∈S7
sgn(σ)ϕaσ(1)σ(2)ϕbσ(3)σ(4)ϕlσ(5)σ(6)h
l
σ(7) ∗ (dx
1 ∧ · · · ∧ dx7)
=
1
8
∗
(
8
3
(Bijh
l
l +Bilh
l
j +Bjlh
l
i) dx
1 ∧ · · · ∧ dx7
)
=
1
3
∗ (−6Trg(h) gijvol− 6hijvol− 6hji)vol)
= −2Trg(h) gij − 4hij
where we have used (A.4) and Bij = −6gij
√
det(g). From this it follows immediately that j is
injective on Ω31⊕Ω
3
27, for if j(i(h)) = −2Trg(h) gij −4hij = 0, taking the trace gives −18Trg(h) = 0
and hence hij = 0.
To summarize, we have seen that an arbitrary 3-form η on a manifold M with G2-structure ϕ
consists of the data of a vector field X and a symmetric 2-tensor h. Explicitly, we have
η = hijg
jl dxi ∧
(
∂
∂xl
ϕ
)
+X l
∂
∂xl
ψ
=
1
2
hliϕljk dx
i ∧ dxj ∧ dxk +
1
6
X lψlijk dx
i ∧ dxj ∧ dxk
Remark 2.18. Note that the symmetric 2-tensor hij decomposes as hij =
1
7 Trg(h) gij + h
0
ij where
h0ij is the trace-free part of hij . Hence the first term in the above expression can be written as
3
7
hϕ+
1
2
(h0)liϕljk dx
i ∧ dxj ∧ dxk
which shows explicitly the Ω31 and Ω
3
27 components. However, it is more convenient to consider the
tensor hij directly, using the isomorphism Ω
3
1 ⊕ Ω
3
27
∼= Sym2(T ∗M).
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2.3 The intrinsic torsion forms of a G2-structure
Using the decomposition of the spaces of forms on M determined by ϕ, given in Section 2.2, we can
decompose dϕ and dψ into types. This defines the torsion forms of the G2-structure.
Definition 2.19. There are four independent torsion forms corresponding to a G2-structure ϕ.
Following the notation introduced in [2], we denote them by
τ0 ∈ Ω
0
1 τ1 ∈ Ω
1
7
τ2 ∈ Ω
2
14 τ3 ∈ Ω
3
27
They are defined via the equations
dϕ = τ0 ψ + 3τ1 ∧ ϕ+ ∗τ3 (2.22)
dψ = 4τ1 ∧ ψ + ∗τ2
The constants are chosen for convenience. The fact that the Ω47 component of dϕ and the Ω
5
7
component of dψ are the same, up to a constant (when projected back to Ω17 via the G2-invariant
isomorphisms), is something that needs to be proved. A nice representation-theoretic proof is de-
scribed in [4, 2]. Below we will give a brute force computational proof of this fact, which is useful
as it is an exercise in the type of manipulations that will be used frequently in Section 3.3, when we
compute the evolution equations for the torsion forms.
Remark 2.20. We call τ0 the scalar torsion, τ1 the vector torsion, τ2 the Lie algebra torsion, and τ3
the symmetric traceless torsion. These names are non-standard, but are clearly reasonable.
Remark 2.21. In [2], the second defining equation is given as dψ = 4τ1∧ψ+ τ2∧ϕ. This is the same
thing, since in our chosen orientation convention, τ2 ∧ ϕ = ∗τ2 for τ2 ∈ Ω
2
14. We prefer this way of
writing the equation to make it more symmetric with the dϕ equation.
Remark 2.22. In [14], a one-form θ is discussed, sometimes called the Lee form. It is easy to check
that θ = −12τ1.
Theorem 2.23. The appearance of the same one-form τ1 in the expressions for both dϕ and dψ
in (2.22) above is justified.
Proof. We begin by not assuming that the two τ1’s are the same. Let dϕ = τ0 ψ+3τ1 ∧ϕ+ ∗τ3 and
dψ = 4τ˜1 ∧ ψ + ∗τ2. We must show that τ˜1 = τ1. We manipulate these relations as follows
dϕ = τ0 ψ + 3τ1 ∧ ϕ+ ∗τ3 dψ = 4τ˜1 ∧ ψ + ∗τ2
∗(dϕ) = τ0 ϕ+ 3 ∗ (τ1 ∧ ϕ) + τ3 ∗(dψ) = 4 ∗ (τ˜1 ∧ ψ) + τ2
ϕ ∧ ∗(dϕ) = 0− 3ϕ ∗ (ϕ ∧ τ1) + 0 ψ ∧ ∗(dψ) = 4ψ ∧ ∗(ψ ∧ τ˜1) + 0
ϕ ∧ ∗(dϕ) = 12 ∗ τ1 ψ ∧ ∗(dψ) = 12 ∗ τ˜1
where we have used Proposition A.3. Therefore we see that
τ1 = τ˜1 ⇔ ϕ ∧ ∗(dϕ) = ψ ∧ ∗(dψ)
⇔ dxp ∧ ϕ ∧ ∗(dϕ) = dxp ∧ ψ ∧ ∗(dψ) for all p
⇔ g(dϕ, dxp ∧ ϕ) = g(dψ, dxp ∧ ψ) for all p
and it is the last equality above that we will now establish.
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Let X = Xidx
i be an arbitrary one-form. Then we have
X ∧ ϕ =
1
6
Xqϕijk dx
q ∧ dxi ∧ dxj ∧ dxk
=
1
24
(Xqϕijk −Xiϕqjk −Xjϕiqk −Xkϕijq) dx
q ∧ dxi ∧ dxj ∧ dxk
=
1
24
Aqijk dx
q ∧ dxi ∧ dxj ∧ dxk
where we have skew-symmetrized the coefficients. Similarly we have
dϕ =
1
6
(∇mϕabc −∇aϕmbc −∇bϕamc −∇cϕabm) dx
m ∧ dxa ∧ dxb ∧ dxc
=
1
24
Bmabc dx
m ∧ dxa ∧ dxb ∧ dxc
Now using (1.1), we have
g(X ∧ ϕ, dϕ) =
1
24
AqijkBmabcg
qmgiagjbgkc
=
1
6
(Xqϕijk −Xiϕqjk −Xjϕiqk −Xkϕijq) (∇mϕabc) g
qmgiagjbgkc
Let X = dxp, so that Xi = δ
p
i , and this expression becomes
g(dxp ∧ ϕ, dϕ) =
1
6
(
δpqϕijk − δ
p
i ϕqjk − δ
p
jϕiqk − δ
p
kϕijq
)
(∇mϕabc) g
qmgiagjbgkc
=
1
6
ϕijk (∇mϕabc) g
pmgiagjbgkc −
1
2
ϕqjk (∇mϕabc) g
qmgpagjbgkc
By Proposition A.16, the first term vanishes, and the second term becomes
g(dxp ∧ ϕ, dϕ) =
1
2
(∇mϕijk)ϕabcg
imgpagjbgkc (2.23)
An exactly analogous calculation, which we omit, yields the expression
g(dxp ∧ ψ, dψ) =
1
6
(∇mψijkl)ψabcdg
imgpagjbgkcgld (2.24)
Combining the two expressions, g(dxp ∧ ϕ, dϕ) = g(dxp ∧ ψ, dψ) if and only if
(∇mψijkl)ψabcdg
imgjbgkcgld = 3 (∇mϕijk)ϕabcg
imgjbgkc
But this is precisely the content of Proposition A.17, after contracting with gim.
The reason to consider the torsion forms of a G2-structure ϕ is because ϕ is torsion-free if
and only if all four torsion forms vanish, and these forms are independent. This is clear since the
decomposition of Ωk into G2-representations is orthogonal, and because the maps α 7→ ϕ ∧ α from
Ω17 → Ω
4
7 and α 7→ ψ ∧ α from Ω
1
7 → Ω
5
7 are isomorphisms.
Having defined the four torsion forms, we need to derive their expressions in local coordinates,
in order to be able to compute their evolutions under a flow. To do this most efficiently, we will first
determine how to write ∇ϕ in terms of the four torsion tensors. In the process we will obtain a new
computational proof of the Ferna´ndez-Gray Theorem 2.1. We begin with the following important
observation.
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Lemma 2.24. For any vector field X, the 3-form ∇X ϕ lies in the subspace Ω
3
7 of Ω
3. Therefore,
the covariant derivative ∇ϕ lies in the space Ω17 ⊗ Ω
3
7, a 49-dimensional space (pointwise.)
Proof. Let X = ∂
∂xl
, and consider the 3-form∇lϕ. An arbitrary element η of Ω
3
1⊕Ω
3
27 can be written
(for some symmetric tensor hij) as
η =
1
2
hmi ϕmjk dx
i ∧ dxj ∧ dxk =
1
6
(
hmi ϕmjk + h
m
j ϕimk + h
m
k ϕijm
)
dxi ∧ dxj ∧ dxk
Using (1.1), the inner product of η with ∇l ϕ =
1
6 ∇lϕabc dx
a ∧ dxb ∧ dxc is
g(∇lϕ, η) =
1
6
(∇l ϕabc)
(
hmi ϕmjk + h
m
j ϕimk + h
m
k ϕijm
)
gaigbjgck
=
1
2
(∇l ϕabc)h
m
i ϕmjkg
aigbjgck =
1
2
(∇l ϕabc)h
maϕmjkg
bjgck
which vanishes since the third equation of Proposition A.16 says (∇l ϕabc)ϕmjkg
bjgck is skew-symmetric
in a and m. Since g(∇lϕ, η) = 0 for all η ∈ Ω
3
1 ⊕ Ω
3
27, we have that ∇lϕ ∈ Ω
3
7 for all l = 1, . . . , 7 as
claimed.
Remark 2.25. In [8], Ferna`ndez and Gray study the symmetries of∇ϕ, and deduce that∇ϕ ∈ Ω17⊗Ω
3
7
as we have just shown. Their arguments involve the complicated analysis of the extension of the
cross product operation to the full exterior bundle. The above proof is, in our opinion, much more
transparent.
We pause here to consider Lemma 2.24 in more detail. The reason why ∇X ϕ ∈ Ω
3
7 is essentially
because of the way that the 3-form ϕ of a G2-structure determines a metric g. We have seen that
(v ϕ) ∧ (w ϕ) ∧ ϕ = −6g(v, w)vol
Since the metric and volume form are parallel, the covariant derivative of this gives
(v ∇X ϕ) ∧ (w ϕ) ∧ ϕ+ (v ϕ) ∧ (w ∇X ϕ) ∧ ϕ+ (v ϕ) ∧ (w ϕ) ∧∇X ϕ = 0
Using the identity ϕ ∧ (v ϕ) = −2 ∗ (v ϕ) from Proposition A.3, this becomes
−2 (v ∇X ϕ) ∧ ∗(w ϕ)− 2 (v ϕ) ∧ ∗(w ∇X ϕ) + (v ϕ) ∧ (w ϕ) ∧∇X ϕ = 0
Finally, the covariant differentiation of the identity (v ϕ) ∧ ∗(w ϕ) = 4 g(v, w)vol (which is also
implicit in Proposition A.3) gives
(v ∇X ϕ) ∧ ∗(w ϕ) + (v ϕ) ∧ ∗(w ∇X ϕ) = 0
Combining this with the previous equation yields the important relation
(v ϕ) ∧ (w ϕ) ∧∇X ϕ = 0
But by the definition of the map j in (2.21), this precisely says that the Ω31 ⊕ Ω
3
27 component of
∇X ϕ is zero.
Definition 2.26. Since ∇lϕ ∈ Ω
3
7, by (2.7) we can write ∇lϕabc = Tlmg
mnψnabc for some 2-tensor
Tlm, which we shall call the full torsion tensor.
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In coordinates, the four independent torsion forms are the following: τ0 (a function); τ1 = (τ1)l dx
l,
a 1-form, which by Remark 2.8 can also be written as an Ω27-form τ1 =
1
2 (τ1)ab dx
a ∧ dxb where
(τ1)ab = (τ1)lg
lkϕkab; τ2 =
1
2 (τ2)ab dx
a ∧ dxb, an Ω214-form; and τ3 =
1
2 (τ3)img
mlϕljk dx
i ∧ dxj ∧ dxk,
where (τ3)im is traceless symmetric. The relationship between the four torsion forms and the full
torsion tensor Tlm is given by the following theorem.
Theorem 2.27. The covariant derivative ∇ϕ of the 3-form ϕ can be written as
∇l ϕabc = Tlmg
mnψnabc
where the full torsion tensor Tlm is
Tlm =
τ0
4
glm − (τ3)lm + (τ1)lm −
1
2
(τ2)lm
Proof. Write the full torsion tensor as Tlm = Slm + Clm, where Slm =
1
2 (Tlm + Tml) and Clm =
1
2 (Tlm − Tml) are the symmetric and skew-symmetric parts of Tlm. Thus we have
∇l ϕabc = (Slm + Clm)g
mnψnabc (2.25)
Since dϕ = τ0ψ + 3 τ1 ∧ ϕ+ ∗τ3, the Ω
3
1 ⊕ Ω
3
27 component of ∗dϕ is τ0ϕ+ τ3, which we write as
3
7
(
7
3τ0
)
ϕ+τ3. By Remark 2.18, this is fijg
jldxi∧
(
∂
∂xl
ϕ
)
, where fij =
1
7
(
7
3τ0
)
gij+(τ3)ij . Therefore
by Proposition 2.14, we have that the Ω41⊕Ω
4
7 component of dϕ = ∗(∗dϕ) is
(
1
4 Trg(f)gij − fij
)
gjldxi∧(
∂
∂xl
ψ
)
. But Trg(f) =
7
3τ0, so
1
4
Trg(f)gij − fij =
7
12
τ0 gij −
4
12
τ0 gij − (τ3)ij =
1
4
τ0 gij − (τ3)ij (2.26)
Now we can also write dϕ = 16 ∇lϕabc dx
l ∧ dxa ∧ dxb ∧ dxc, which by (2.25) is
dϕ =
1
6
(Slm + Clm) g
mnψnabc dx
l ∧ dxa ∧ dxb ∧ dxc
= Slmg
mndxl ∧
(
∂
∂xn
ψ
)
+ Clmg
mndxl ∧
(
∂
∂xn
ψ
)
The second term above is in Ω47. Therefore, comparing the Ω
4
1 ⊕ Ω
4
27 term of dϕ given above and
by (2.26), we see that
Slm =
τ0
4
glm − (τ3)lm
This proves the first half of the theorem.
To establish the second half, we write δϕ = −∗d∗ϕ in two ways. First, since dψ = 4 τ1∧ψ+∗τ2,
we have δϕ = − ∗ dψ = −4(τ1
♯ ϕ)− τ2, using (1.4). Therefore
δϕ = −4
1
2
(τ1)abdx
a ∧ dxb −
1
2
(τ2)abdx
a ∧ dxb (2.27)
From (1.6), we also have δϕ = − 12 g
lk∇lϕkab dx
a ∧ dxb. Using (2.25), this is
δϕ = −
1
2
glk (Slm + Clm) g
mnψnkab dx
a ∧ dxb
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The first term vanished by the symmetry of Slm and skew-symmetry of ψnkab. Now we decompose
Clm = (C7)lm+(C14)lm into Ω
2
7⊕Ω
2
14 components. Using Proposition 2.6, and interchanging n and
k, we see
δϕ =
1
2
glk ((C7)lm + (C14)lm) g
mnψknab dx
a ∧ dxb
=
1
2
(−4(C7)ab + 2(C14)ab) dx
a ∧ dxb
Comparing this to (2.27), we see that (C7)ab = (τ1)ab and (C14)ab = −
1
2 (τ2)ab, hence
Clm = (τ1)lm −
1
2
(τ2)lm
and the proof is complete.
Corollary 2.28. The 3-form ϕ is parallel if and only if it is both closed and co-closed. (This is
Theorem 2.1.)
Proof. A parallel form is always automatically closed and co-closed, since the exterior derivative d
and the coderivative δ can both be written using the covariant derivative ∇. The converse follows
from Theorem 2.27, since dϕ = 0 and δϕ = 0 are equivalent to the vanishing of all four torsion
tensors, so Tlm = 0 and hence ∇l ϕabc = 0.
Remark 2.29. Starting from ∇lϕabc = Tlmg
mnψnabc and using (A.11) and Lemma A.13, it is an easy
computation to show that
∇mψijkl = −Tmiϕjkl + Tmjϕikl − Tmkϕijl + Tmlϕijk (2.28)
which will be used in Section 4.
The following lemma gives an explicit formula for Tlm in terms of ∇ϕ. This will be used in
Section 3.3 to derive the evolution equations for the torsion tensors.
Lemma 2.30. The full torsion tensor Tlm is equal to
Tlm =
1
24
(∇l ϕabc)ψmijkg
iagjbgkc (2.29)
Proof. We begin with ∇lϕabc = Tlkg
knψnabc and use Lemma A.14 to compute:
∇l ϕabcψnijkg
iagjbgkc = Tlkg
knψnabcψmijkg
iagjbgkc
= Tlkg
kn(24 gnm) = 24Tlm
as claimed.
Next we present expressions for the four torsion tensors from which we will calculate their evo-
lution equations.
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Proposition 2.31. The four torsion forms can be written in terms of Tpq = Spq + Cpq as follows:
τ0 =
4
7
gpqSpq
(τ3)pq =
1
4
τ0 gpq − Spq
(τ1)pq =
1
3
Cpq −
1
6
Cijg
iagjbψabpq
(τ2)pq = −
4
3
Cpq −
1
3
Cijg
iagjbψabpq
Proof. This is immediate from Theorem 2.27 and equations (2.9) and (2.10).
We close this section with an important observation about the vector torsion τ1. The effect of
a conformal scaling on G2-structures is well understood, and a detailed discussion can be found in
Section 3.1 of [14]. In particular, we have the following result.
Theorem 2.32. Let ϕ˜ = f3ϕ be a new G2-form, where f is any nowhere vanishing smooth function,
then the metric scales as g˜ = f2g and the 4-form as ∗˜ϕ˜ = f4 ∗ ϕ. Furthermore, the torsion forms
transform as follows:
τ˜0 = f
−1τ0 τ˜1 = τ1 + d log(f)
τ˜2 = f τ2 τ˜3 = f
2 τ3
Proof. This is essentially Theorem 3.1.4 in [14]. In that paper, θ = −12 τ1.
The relevance of this result is evident. If we can construct a G2-structure ϕ for which the three
torsion forms τ0, τ2 and τ3 all vanish, then any conformal scaling of such a structure remains of
such type. It is easy to check that in this case that vector torsion τ1 is a closed 1-form. If we are
interested in manifolds with full holonomy G2, then by Remark 2.3, we must necessarily start with
a manifold M with finite fundamental group, and hence H1(M) = 0, so the form τ1 is exact. Then
we see from Theorem 2.32 that we can always find a conformal scaling factor f (unique up to a
multiplicative constant) to make the vector torsion τ1 vanish as well. Such G2-structures are called
conformally parallel. Hence we can restrict attention to constructing G2-structures where τ0, τ2, and
τ3 all vanish, since we can then always make τ1 vanish as well, provided the manifold is topologically
able to admit a G2-structure with full holonomy G2.
3 General flows of G2-structures
In this section we derive the evolution equations for a general flow ∂∂tϕ of a G2-structure ϕ. Let X
be a vector field and h a symmetric 2-tensor on M . Then a general variation of the G2-structure ϕ
can be written as
∂
∂t
ϕ =
1
2
hliϕljk dx
i ∧ dxj ∧ dxk +
1
6
X lψlijk dx
i ∧ dxj ∧ dxk
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We write the left hand side in coordinates, and skew-symmetrize the first term on the right hand
side to obtain
1
6
∂
∂t
ϕijk dx
i ∧ dxj ∧ dxk =
1
6
(
hliϕljk − h
l
jϕlik − h
l
kϕlji
)
dxi ∧ dxj ∧ dxk
+
1
6
X lψlijk dx
i ∧ dxj ∧ dxk
We can now equate the (totally skew-symmetric) coefficients on both sides to obtain the general
flow equation:
∂
∂t
ϕijk = h
l
iϕljk + h
l
jϕilk + h
l
kϕijl +X
lψlijk (3.1)
3.1 Evolution of the metric gij and related objects
We now proceed to derive the evolution equations for the metric g and objects related to the metric,
specifically the volume form vol and the Christoffel symbols Γkij . The first step is to compute the
evolution of the tensor Bij , which was defined as
Bij dx
1 ∧ . . . ∧ dx7 = (
∂
∂xi
ϕ) ∧ (
∂
∂xj
ϕ) ∧ ϕ
which in coordinates becomes
Bij dx
1 ∧ . . . ∧ dx7 =
1
24
ϕik1k2ϕjk3k4ϕk5k6k7 dx
k1 ∧ . . . ∧ dxk7
=
1
24
∑
σ∈S7
sgn(σ)ϕiσ(1)σ(2)ϕjσ(3)σ(4)ϕσ(5)σ(6)σ(7) dx
1 ∧ . . . ∧ dx7
and hence
Bij =
1
24
∑
σ∈S7
sgn(σ)ϕiσ(1)σ(2)ϕjσ(3)σ(4)ϕσ(5)σ(6)σ(7) (3.2)
where the sum is taken over all permutations σ of the group S7 of seven letters.
Theorem 3.1. The evolution of Bij under the flow (3.1) is given by
∂
∂t
Bij = Trg(h)Bij + h
l
iBlj + h
l
jBil (3.3)
Note that the evolution of Bij deponds only on the symmetric 2-tensor hij and not on the vector
field Xk.
Proof. We will need to appeal to various identities for G2-structures that are proved in Section A.
We start by computing
∂
∂t
Bij =
1
24
∑
σ∈S7
sgn(σ)
(
∂
∂t
ϕiσ(1)σ(2)
)
ϕjσ(3)σ(4)ϕσ(5)σ(6)σ(7)
+
1
24
∑
σ∈S7
sgn(σ)ϕiσ(1)σ(2)
(
∂
∂t
ϕjσ(3)σ(4)
)
ϕσ(5)σ(6)σ(7)
+
1
24
∑
σ∈S7
sgn(σ)ϕiσ(1)σ(2)ϕjσ(3)σ(4)
(
∂
∂t
ϕσ(5)σ(6)σ(7)
)
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We substitute the evolution equation (3.1) into this expression:
24
∂
∂t
Bij =
∑
σ∈S7
sgn(σ)
(
hliϕlσ(1)σ(2) + h
l
σ(1)ϕilσ(2) + h
l
σ(2)ϕiσ(1)l
)
ϕjσ(3)σ(4)ϕσ(5)σ(6)σ(7)
+
∑
σ∈S7
sgn(σ)ϕiσ(1)σ(2)
(
hljϕlσ(3)σ(4) + h
l
σ(3)ϕjlσ(4) + h
l
σ(4)ϕjσ(3)l
)
ϕσ(5)σ(6)σ(7)
+
∑
σ∈S7
sgn(σ)ϕiσ(1)σ(2)ϕjσ(3)σ(4)
(
hlσ(5)ϕlσ(6)σ(7) + h
l
σ(6)ϕσ(5)lσ(7) + h
l
σ(7)ϕσ(5)σ(6)l
)
+
∑
σ∈S7
sgn(σ)X lψliσ(1)σ(2)ϕjσ(3)σ(4)ϕσ(5)σ(6)σ(7)
+
∑
σ∈S7
sgn(σ)ϕiσ(1)σ(2)X
lψljσ(3)σ(4)ϕσ(5)σ(6)σ(7)
+
∑
σ∈S7
sgn(σ)ϕiσ(1)σ(2)ϕjσ(3)σ(4)X
lψlσ(5)σ(6)σ(7) (3.4)
where we have separated the expression into three terms involving hij and three terms involving X
l.
Let us consider the X l terms first. Equation (A.7) tells us immediately that the last term is zero.
Let τ be the permutation in S7 which sends (1, 2, 3, 4, 5, 6, 7) 7→ (3, 4, 1, 2, 5, 6, 7). This permutation
is even, so sgn(σ ◦ τ) = sgn(σ). Therefore if we write σ′ = σ ◦ τ , then the first two terms involving
X l can be written as ∑
σ∈S7
sgn(σ)X lψliσ(1)σ(2)ϕjσ(3)σ(4)ϕσ(5)σ(6)σ(7)
+
∑
σ′∈S7
sgn(σ′)ϕiσ′(3)σ′(4)X
lψljσ′(1)σ′(2)ϕσ′(5)σ′(6)σ′(7)
which also vanishes because of (A.6). Hence all the X l terms are zero and thus the vector field X l
does not affect the evolution of Bij . Therefore it does not affect the evolution of the metric gij or
the volume form vol either. It is well known that infinitesmal variations in the Ω37 direction do not
affect the metric. See [4, 14] for other demonstrations of this fact.
We now return to the terms in (3.4) involving hij . We start with the first term on the first line,
together with the first term on the second line. These are:∑
σ∈S7
sgn(σ)hliϕlσ(1)σ(2)ϕjσ(3)σ(4)ϕσ(5)σ(6)σ(7)
+
∑
σ∈S7
sgn(σ)ϕiσ(1)σ(2)h
l
jϕlσ(3)σ(4)ϕσ(5)σ(6)σ(7)
which, using (3.2), are seen to be equal to
24
(
hliBlj + h
l
jBil
)
Next, we consider in (3.4) the remaining two terms from the first line, together with the remaining
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two terms from the second line. These are:∑
σ∈S7
sgn(σ)
(
hlσ(1)ϕilσ(2) + h
l
σ(2)ϕiσ(1)l
)
ϕjσ(3)σ(4)ϕσ(5)σ(6)σ(7)
+
∑
σ∈S7
sgn(σ)ϕiσ(1)σ(2)
(
hlσ(3)ϕjlσ(4) + h
l
σ(4)ϕjσ(3)l
)
ϕσ(5)σ(6)σ(7)
If we consider the permutation τ which interchanges 1 and 2, and denote σ′ = σ ◦ τ , then the first
line can be rewritten as ∑
σ∈S7
sgn(σ)hlσ(1)ϕilσ(2)ϕjσ(3)σ(4)ϕσ(5)σ(6)σ(7)
−
∑
σ′∈S7
sgn(σ′)hlσ′(1)ϕiσ′(2)lϕjσ′(3)σ′(4)ϕσ′(5)σ′(6)σ′(7)
= 2
∑
σ∈S7
sgn(σ)hlσ(1)ϕilσ(2)ϕjσ(3)σ(4)ϕσ(5)σ(6)σ(7)
by the skew-symmetry of ϕijk. The two terms on the second line can be similarly combined as
2
∑
σ∈S7
sgn(σ)hlσ(3)ϕjlσ(4)ϕiσ(1)σ(2)ϕσ(5)σ(6)σ(7)
= 2
∑
σ∈S7
sgn(σ)hlσ(1)ϕjlσ(2)ϕiσ(3)σ(4)ϕσ(5)σ(6)σ(7)
by interchanging 1 with 2 and 3 with 4. We can now apply (A.5) to these two expressions (with
αk = h
l
k). These terms then become
2
(
−4(Bljh
l
i −Bjih
l
l) + 24(ψiljmg
kmhlk
√
det(g))
)
+ 2
(
−4(Blih
l
j −Bijh
l
l) + 24(ψjlimg
kmhlk
√
det(g))
)
= 16Trg(h)Bij − 8 h
l
iBlj − 8 h
l
jBil
using the symmetry of Bij and the skew-symmetry of ψijkl.
All that remains now in (3.4) are the final three terms involving hij . These are:∑
σ∈S7
sgn(σ)ϕiσ(1)σ(2)ϕjσ(3)σ(4)
(
hlσ(5)ϕlσ(6)σ(7) + h
l
σ(6)ϕσ(5)lσ(7) + h
l
σ(7)ϕσ(5)σ(6)l
)
If we consider the cyclic permutation 5 7→ 6 7→ 7 7→ 5, which is even, we see that the three terms
above are actually the same, so we can combine them into
3
∑
σ∈S7
sgn(σ)ϕiσ(1)σ(2)ϕjσ(3)σ(4)ϕlσ(5)σ(6)h
l
σ(7)
Now we can use (A.4), (again with αk = h
l
k), to write this expression as
3
(
8
3
)(
Bijh
l
l +Bilh
l
j +Bjlh
l
i
)
= 8Trg(h)Bij + 8 h
l
iBlj + 8 h
l
jBil
24
Finally, we combine the results of these calculations of the terms in (3.4) to obtain
24
∂
∂t
Bij = 24
(
hliBlj + h
l
jBil
)
+
(
16Trg(h)Bij − 8 h
l
iBlj − 8 h
l
jBil
)
+
(
8Trg(h)Bij + 8 h
l
iBlj + 8 h
l
jBil
)
= 24
(
Trg(h)Bij + h
l
iBlj + h
l
jBil
)
and the proof is complete.
Corollary 3.2. The evolution of the metric gij under the flow (3.1) is given by
∂
∂t
gij = 2hij (3.5)
Proof. We begin by computing the evolution of det(B) using Theorem 3.1 and Lemma B.2 (which
applies to any symmetric matrix gij with inverse g
ij .)
∂
∂t
det(B) =
(
∂
∂t
Bij
)
Bij det(B)
=
(
Trg(h)Bij + h
l
iBlj + h
l
jBil
)
Bij det(B)
=
(
Trg(h)δ
i
i + h
l
iδ
i
l + h
l
jδ
j
l
)
det(B)
= 9Trg(h) det(B)
We now use this result to differentiate (2.3):
∂
∂t
gij =
∂
∂t
(
1
6
2
9
Bij
det(B)
1
9
)
=
1
6
2
9
(
∂
∂t
Bij
det(B)
1
9
−
1
9
Bij
∂
∂t
det(B)
det(B)
10
9
)
=
1
6
2
9
(
Trg(h)Bij + h
l
iBlj + h
l
jBil
det(B)
1
9
−
1
9
Bij9Trg(h) det(B)
det(B)
10
9
)
= Trg(h) gij + h
l
iglj + h
l
jgil − Trg(h) gij = 2hij
as claimed.
Corollary 3.3. The evolution of the inverse gij of the metric and the evolution of the volume form
vol under the flow (3.1) are given by
∂
∂t
gij = −2hij (3.6)
∂
∂t
vol = Trg(h) vol (3.7)
Proof. These follows directly from Lemmas B.1 and B.2.
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Finally we consider the evolution of the Christoffel symbols Γkij .
Proposition 3.4. The evolution of the Christoffel symbols Γkij under the flow (3.1) is given by
∂
∂t
Γkij = g
kl (∇i hjl +∇j hil −∇l hij) (3.8)
Proof. This result is standard and can be found, for example, in [5], Lemma 3.2. (Note that by our
Corollary 3.2 above, their hij in [5] is replaced by our 2hij .)
3.2 Evolution of the dual 4-form ψijkl
We proceed now to the computation of the evolution equation for the dual 4-form ψ = ∗ϕ. To do
this directly would be quite complicated, because we would need to compute the evolution of the
Hodge star operator ∗. We can avoid this by using the final equation from Lemma A.12, which can
be rearranged into the form
ψijkl = gikgjl − gilgjk − ϕijαϕklβg
αβ (3.9)
This essentially says that, up to some correction terms involving only the metric, the form ψ is the
contraction of ϕ with itself.
Theorem 3.5. The evolution of the 4-form ψijkl under the flow (3.1) is given by
∂
∂t
ψijkl = h
m
i ψmjkl + h
m
j ψimkl + h
m
k ψijml + h
m
l ψijkm
−Xiϕjkl +Xjϕikl −Xkϕijl +Xlϕijk
(3.10)
where Xk = gklX
l.
Proof. We differentiate (3.9) with respect to time:
∂
∂t
ψijkl =
(
∂
∂t
gik
)
gjl + gik
(
∂
∂t
gjl
)
−
(
∂
∂t
gil
)
gjk − gil
(
∂
∂t
gjk
)
(3.11)
− ϕijαϕklβ
(
∂
∂t
gαβ
)
−
(
∂
∂t
ϕijα
)
ϕklβg
αβ − ϕijα
(
∂
∂t
ϕklβ
)
gαβ
Using Corollary 3.2 and equation (3.6), the first five terms in (3.11) are
2 hikgjl + 2 hjlgik − 2 hilgjk − 2 hjkgil + 2ϕijαϕklβh
αβ
Meanwhile the next to last term in (3.11), using (3.1) and Lemma A.12 is
−
(
hmi ϕmjα + h
m
j ϕimα + h
m
α ϕijm +X
mψmijα
)
ϕklβg
αβ
= −hmi (gmkgjl − gmlgjk − ψmjkl)− h
m
j (gikgml − gilgkm − ψimkl)
− hmβϕijmϕklβ −X
mψmijαϕklβg
αβ
= −hikgjl + hilgjk − hjlgik + hjkgil + h
m
i ψmjkl + h
m
j ψimkl
− hmβϕijmϕklβ −X
mψmijαϕklβg
αβ
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Finally, the last term in (3.11) is the same as the next to last term if we interchange i with k and j
with l, so it equals
−hikgjl + hjkgil − hjlgik + hilgjk + h
m
k ψmlij + h
m
l ψkmij
− hmβϕklmϕijβ −X
mψmklαϕijβg
αβ
When we add up these three sets of terms, all the ‘g · h’ terms and the ‘ϕ · ϕ’ terms cancel, and we
are left with
∂
∂t
ψijkl = h
m
i ψmjkl + h
m
j ψimkl + h
m
k ψijml + h
m
l ψijkm
−Xmψmijαϕklβg
αβ −Xmψmklαϕijβg
αβ (3.12)
We deal with the Xm terms above using the final equation of Lemma A.13. They become
−Xm (gkmϕlij + gkiϕmlj + gkjϕmil − glmϕkij − gliϕmkj − gljϕmik)
−Xm (gimϕjkl + gikϕmjl + gilϕmkj − gjmϕikl − gjkϕmil − gjlϕmki)
= −Xkϕlij +Xlϕkij −Xiϕjkl +Xjϕikl
because the other terms cancel in pairs. Substituting this expression into (3.12) above completes
the proof.
Remark 3.6. Let the infinitesmal deformation of a G2 3-form ϕ(t) be given by
∂
∂t
ϕ(t) = η1 + η7 + η27
where ηk belongs to the subspace Ω
3
k associated to ϕ(t). Then one can show that the infinitesmal
deformation of the associated 4-form ψ(t) is
∂
∂t
ψ(t) =
4
3
(
∗ϕ(t)η1
)
+
(
∗ϕ(t)η7
)
−
(
∗ϕ(t)η27
)
This is mentioned in [2, 12, 13] and an explicit proof is given in [10]. The purpose of this remark is
to clarify that Theorem 3.5 agrees with this result. Let ∂
∂t
ϕ = η be an arbitrary 3-form. It can be
written uniquely as
η =
1
2
hllϕljk dx
i ∧ dxj ∧ dxk +
1
6
X lψlijk dx
i ∧ dxj ∧ dxk
= hli dx
i ∧
(
∂
∂xl
ϕ
)
+ (X ψ)
for some vector field X l and some symmetric 2-tensor hij . We can write hij =
1
7 Trg(h) gij + h
0
ij
where h0ij is the trace free part, and Trg(h) = g
ijhij . Taking the Hodge star, and using (1.4) and
Proposition 2.14 gives
∗η = fmk dx
k ∧
(
∂
∂xm
ψ
)
−X♭ ∧ ϕ
27
where fij =
1
4 Trg(h) gij − hij =
1
4 Trg(h) gij −
1
7 Trg(h) gij − h
0
ij =
3
4
(
1
7 Trg(h) gij
)
− h0ij . In
coordinates, we have
∗η = fmk dx
k ∧
(
∂
∂xm
ψ
)
−
(
X♭ ∧ ϕ
)
=
1
6
fmk ψmjkl dx
i ∧ dxj ∧ dxk ∧ dxl −
1
6
Xiϕjkl dx
i ∧ dxj ∧ dxk ∧ dxl
=
1
24
(
fmi ψmjkl + f
m
j ψimkl + f
m
k ψijml + f
m
l ψijkm
)
dxi ∧ dxj ∧ dxk ∧ dxl
+
1
24
(−Xiϕjkl +Xjϕikl −Xkϕijl +Xlϕijk) dx
i ∧ dxj ∧ dxk ∧ dxl
Comparing with (3.10), we see that(
∂
∂t
ψ
)
1
=
4
3
∗
(
∂
∂t
ϕ
)
1
;
(
∂
∂t
ψ
)
7
= ∗
(
∂
∂t
ϕ
)
7
;
(
∂
∂t
ψ
)
27
= − ∗
(
∂
∂t
ϕ
)
27
as expected. The approach we have adopted is advantageous, because in this setup
If
∂
∂t
ϕ = hkm dx
k ∧
(
∂
∂xm
ϕ
)
+ (X ψ)
then
∂
∂t
ψ = hkm dx
k ∧
(
∂
∂xm
ψ
)
+ ∗(X ψ)
so the two equations look much more symmetric this way.
3.3 Evolution of the torsion forms
In this section we derive the evolution equations for the four torsion tensors of a G2-structure under a
general flow described by a symmetric tensor hij and a vector field X
k. We begin with the evolution
of ∇lϕijk.
Lemma 3.7. The evolution of ∇l ϕijk under the flow (3.1) is given by
∂
∂t
(∇lϕijk) = h
m
i (∇l ϕmjk) + h
m
j (∇lϕimk) + h
m
k (∇l ϕijm) +X
m(∇lψmijk)
+ (∇s hil)g
msϕmjk + (∇s hjl)g
msϕimk + (∇s hkl)g
msϕijm
− (∇i hls)g
msϕmjk − (∇j hls)g
msϕimk − (∇k hls)g
msϕijm
+ (∇lX
m)ψmijk (3.13)
in terms of hij and X
k.
Proof. Recall that
∇lϕijk =
∂
∂xl
ϕijk − Γ
m
li ϕmjk − Γ
m
ljϕimk − Γ
m
lkϕijm
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We differentiate this equation with respect to t to obtain
∂
∂t
(∇lϕijk) =
∂
∂xl
(
∂
∂t
ϕijk
)
−
(
∂
∂t
Γmli
)
ϕmjk −
(
∂
∂t
Γmlj
)
ϕimk −
(
∂
∂t
Γmlk
)
ϕijm
− Γmli
(
∂
∂t
ϕmjk
)
− Γmlj
(
∂
∂t
ϕimk
)
− Γmlk
(
∂
∂t
ϕijm
)
= ∇l
(
∂
∂t
ϕijk
)
−
(
∂
∂t
Γmli
)
ϕmjk −
(
∂
∂t
Γmlj
)
ϕimk −
(
∂
∂t
Γmlk
)
ϕijm
Now we substitute (3.1) and (3.8) to get
∂
∂t
(∇lϕijk) = ∇l
(
hmi ϕmjk + h
m
j ϕimk + h
m
k ϕijm +X
mψmijk
)
− gms (∇l his +∇i hls −∇s hil)ϕmjk
−gms (∇l hjs +∇j hls −∇s hjl)ϕimk
−gms (∇l hks +∇k hls −∇s hkl)ϕijm
We use the product rule on the first line, and see that all the terms involving ∇l h cancel in pairs.
The result now follows.
We are now ready to compute the evolution equation of the full torsion tensor Tpq for a general
flow of G2-structures.
Theorem 3.8. The evolution of the full torsion tensor Tpq under the flow (3.1) is given by
∂
∂t
Tpq = Tplg
lmhmq + Tplg
lmXmq + (∇k hip)g
kagibϕabq +∇pXq (3.14)
where Xj = gjkX
k and Xij = X
kϕkij is the element of Ω
2
7 corresponding to X.
Proof. We start with Lemma 2.30, and differentiate:
∂
∂t
Tpq =
1
24
∂
∂t
(∇pϕijk)ψqbcdg
ibgjcgkd +
1
24
(∇pϕijk)
(
∂
∂t
ψqbcd
)
gibgjcgkd
+
3
24
(∇pϕijk)ψqbcd
(
∂
∂t
gib
)
gjcgkd (3.15)
where we have relabelled indices and used the skew-symmetry of ϕ and ψ to combine the three terms
involving derivatives of g. By Lemma 3.7, the first term in (3.15) is
1
24
(
hmi (∇pϕmjk) + h
m
j (∇pϕimk) + h
m
k (∇p ϕijm) +X
m(∇pψmijk)
)
ψqbcdg
ibgjcgkd
+
1
24
((∇s hip)g
msϕmjk + (∇s hjp)g
msϕimk + (∇s hkp)g
msϕijm)ψqbcdg
ibgjcgkd
−
1
24
((∇i hps)g
msϕmjk + (∇j hps)g
msϕimk + (∇k hps)g
msϕijm)ψqbcdg
ibgjcgkd
+
1
24
(∇pX
m)ψmijkψqbcdg
ibgjcgkd
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Again exploiting the skew-symmetry of ϕ and ψ and relabelling indices, the above expression sim-
plifies to
3
24
hmi (∇p ϕmjk)ψqbcdg
ibgjcgkd +
1
24
Xm(∇p ψmijk)ψqbcdg
ibgjcgkd
+
3
24
(∇s hip)g
msϕmjkψqbcdg
ibgjcgkd −
3
24
(∇i hps)g
msϕmjkψqbcdg
ibgjcgkd
+
1
24
(∇pX
m)ψmijkψqbcdg
ibgjcgkd
Now we use Proposition A.17 on the second term, Lemma A.13 on the third and fourth terms, and
Lemma A.14 on the fifth term above to obtain
3
24
(∇pϕmjk)ψqbcdh
mbgjcgkd +
3
24
Xm(∇pϕmjk)ϕqcdg
jcgkd
+
3
24
(∇s hip)g
ms(−4ϕmqb)g
ib −
3
24
(∇i hps)g
ms(−4ϕmqb)g
ib
+
1
24
(∇pX
m)(24 gmq)
Finally using the symmetry of h and skew-symmetry of ϕ, the third and fourth terms above combine,
and hence we have written the first term of (3.15) as
3
24
(∇pϕmjk)ψqbcdh
mbgjcgkd +
3
24
Xm(∇p ϕmjk)ϕqcdg
jcgkd + (∇i hps)g
msϕmqbg
ib +∇pXq (3.16)
We now consider the second term of (3.15). Using Theorem 3.5. It is
1
24
(∇pϕijk)
(
hmq ψmbcd + h
m
b ψqmcd + h
m
c ψqbmd + h
m
d ψqbcm
)
gibgjcgkd
+
1
24
(∇pϕijk) (−Xqϕbcd +Xbϕqcd −Xcϕqbd +Xdϕqbc) g
ibgjcgkd
As usual, by exploiting symmetries, this simplifies to
1
24
(∇p ϕijk)h
m
q ψmbcdg
ibgjcgkd +
3
24
(∇p ϕijk)h
m
b ψqmcdg
ibgjcgkd
−
1
24
Xq(∇p ϕijk)ϕbcdg
ibgjcgkd +
3
24
Xb(∇pϕijk)ϕqcdg
ibgjcgkd
The third term above vanishes by Proposition A.16. Therefore we see that the second term of (3.15)
can be written as
Tpmh
m
q +
3
24
(∇pϕijk)ψqmcdh
imgjcgkd +
3
24
X i(∇pϕijk)ϕqcdg
jcgkd (3.17)
Finally, using equation (3.6), the third term of (3.15) is
−
6
24
(∇pϕijk)ψqbcdh
ibgjcgkd (3.18)
Adding the expressions (3.16), (3.17), and (3.18) gives
∂
∂t
Tpq = Tpmh
m
q +
1
4
X i(∇p ϕijk)ϕqcdg
jcgkd + (∇i hps)g
msϕmqbg
ib +∇pXq (3.19)
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All that remains now is to rewrite the second term in the above expression. Using ∇pϕijk =
Tpng
nmψmijk and Lemma A.13, we see
1
4
X i(∇p ϕijk)ϕqcdg
jcgkd =
1
4
X iTpng
nmψmijkϕqcdg
jcgkd
=
1
4
X iTpng
nm(−4ϕqmi) = Tpng
nmXmq
Substituting this into (3.19) and relabelling some indices gives
∂
∂t
Tpq = Tplg
lmhmq + Tplg
lmXmq + (∇k hip)g
kagibϕabq +∇pXq
which is what we wanted to prove.
We can now derive the evolution equations of the four independent torsion forms using Propo-
sition 2.31. We use 〈·, ·〉 to denote the matrix norm: 〈A,B〉 = AijBklg
ikgjl. Note that in
the case of skew-symmetric matrices, this differs from their norm as 2-forms by a factor of 2.
Furthermore, [A,B]pq = Aplg
lmBmq − Bplg
lmAmq is the matrix commutator while {A,B}pq =
Aplg
lmBmq +Bplg
lmAmq is the anti-commutator.
Proposition 3.9. The evolution equations of the scalar torsion τ0 and the symmetric traceless
torsion τ3 under the flow (3.1) are given by
∂
∂t
τ0 = −
1
7
Trg(h)τ0 +
4
7
〈h, τ3〉 −
4
7
〈X, τ1〉+
4
7
gpq(∇pXq) (3.20)
and
∂
∂t
(τ3)ij =
(
−
1
28
Trg(h)τ0 +
1
7
〈h, τ3〉 −
1
7
〈X, τ1〉+
1
7
gpq(∇pXq)
)
gij
+
1
4
τ0hij +
1
2
{h, τ3}ij +
1
2
[h, τ1]ij −
1
4
[h, τ2]ij
−
1
2
[X, τ3]ij −
1
2
{X, τ1}ij +
1
4
{X, τ2}ij
−
1
2
(∇k hli)g
kaglbϕabj −
1
2
(∇k hlj)g
kaglbϕabi
−
1
2
(∇iXj +∇jXi) (3.21)
Proof. We have τ0 =
4
7 g
pqTpq. Differentiating and using Theorem 3.8 and (3.6),
∂
∂t
τ0 =
4
7
(
∂
∂t
gpq
)
Tpq +
4
7
gpq
(
∂
∂t
Tpq
)
= −
8
7
hpqTpq +
4
7
gpq
(
Tplg
lmhmq + Tplg
lmXmq + (∇k hip)g
kagibϕabq +∇pXq
)
= −
4
7
〈T, h〉 −
4
7
〈T,X〉+
4
7
(∇k h
bq)ϕabq +
4
7
gpq(∇pXq)
where we have used the symmetry of h and the skew-symmetry of X . The third term vanishes
by the skew-symmetry of ϕ. The result now follows by recalling that Tlm =
1
4 τ0glm − (τ3)lm +
31
(τ1)lm−
1
2 (τ2)lm and that this decomposition is orthogonal with respect to the matrix inner product.
Equation (3.21) is proved similarly using (τ3)ij =
1
4 τ0gij −
1
2 (Tij + Tji) and substituting (3.20) into
the computation. We omit the details.
Before we can compute the evolution equations for τ1 and τ2, we need the following preliminary
result. Define a linear map P which takes 2-tensors to skew-symmetric 2-tensors by (P (A))pq =
Aijg
iagjbψabpq. Clearly the symmetric 2-tensors are in the kernel of P , and by Proposition 2.6, we
have P (C7 + C14) = −4C7 + 2C14 where C7 ∈ Ω
2
7 and C14 ∈ Ω
2
14.
Lemma 3.10. If C = C7+C14 is a skew-symmetric tensor, then the evolution of the skew-symmetric
tensor P (C) under the flow (3.1) is given by
∂
∂t
(P (C))ij = (P (
∂
∂t
C))ij + 6 pi7({h,C14})ij − 6 pi14({h,C7})ij
− 2 pi7([X,C14])ij + 2 pi14([X,C7])ij (3.22)
where pi7 and pi14 denote the projections onto Ω
2
7 and Ω
2
14, respectively.
Proof. Using (3.6) and (3.10), we see that ∂
∂t
(
Cabg
apgbqψpqij
)
equals(
∂
∂t
Cab
)
gapgbqψpqij + 2Cab
(
∂
∂t
gap
)
gbqψpqij + Cabg
apgbq
(
∂
∂t
ψpqij
)
= (P (
∂
∂t
C))ij − 4Cabh
apgbqψpqij + Cabg
apgbq(hlpψlqij + h
l
qψplij)
+ Cabg
apgbq(hliψpqlj + h
l
jψpqil −Xpϕqij +Xqϕpij −Xiϕpqj +Xjϕpqi)
= (P (
∂
∂t
C))ij − 2Cabh
apgbqψpqij + h
l
i(P (C))lj + (P (C))ilh
l
j
+ 2(CabX
bgap)ϕpij − 6 (C7)jXi + 6 (C7)iXj (3.23)
where we have used the skew-symmetry of C and of ϕ and relabeled indices to combine terms. The
second term above can be written as
−2 halg
lmCmbg
apgbqψpqij = − (halg
lmCmb + Calg
lmhmb)g
apgbqψpqij
= − {h,C}abg
apgbqψpqij = − P ({h,C})ij = 4 (pi7{h,C})ij − 2 (pi14{h,C})ij
= 4 (pi7{h,C7})ij + 4 (pi7{h,C14})ij − 2 (pi14{h,C7})ij − 2 (pi14{h,C14})ij
Meanwhile the third and fourth terms of (3.23) become
{h, P (C)}ij = {h,−4C7 + 2C14}ij
= − 4 (pi7{h,C7})ij + 2 (pi7{h,C14})ij − 4 (pi14{h,C7})ij + 2 (pi14{h,C14})ij
Combining these expressions, after some cancellation we see that
∂
∂t
(
Cabg
apgbqψpqij
)
= (P (
∂
∂t
C))ij + 6 pi7({h,C14})ij − 6 pi14({h,C7})ij
+2(CabX
bgap)ϕpij − 6 (C7)jXi + 6 (C7)iXj (3.24)
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Consider now the third to last term above. In the notation of Proposition 2.12, this is 2C(X)ij ,
which by (2.15) and (2.14) is
2(C7(X)ij + C14(X)ij) = 2(−
1
2
[C7, X ]ij −
3
2
(C7)iXj +
3
2
(C7)jXi + [C14, X ]ij)
= −[C7, X ]ij + 2 [C14, X ]ij − 3 (C7)iXj + 3 (C7)jXi
Hence the final three terms of (3.24) are
− [C7, X ]ij + 2 [C14, X ]ij + 3 (C7)iXj − 3 (C7)jXi
= − [C7, X ]ij + 2 [C14, X ]ij + 3
(
−
1
3
[C7, X ]ij +
2
3
(C7 ×X)ij
)
= − 2 [C7, X ]ij + 2 [C14, X ]ij + 2 (C7 ×X)ij
using (2.16). By equation (2.18), the first and third terms above combine to give −2 pi14([C7, X ])ij .
Also, equation (2.14) says [C14, X ] = pi7([C14, X ]). Equation (3.22) now follows since the commutator
[·, ·] is skew-symmetric in its arguments.
Proposition 3.11. The evolution equations of the vector torsion τ1 (as a Ω
2
7-form) and the Lie
algebra torsion τ2 under the flow (3.1) are given by
∂
∂t
(τ1)ij = pi7(
1
2
[h, τ3]ij +
1
2
{h, τ1}ij +
1
4
{h, τ2}ij) + pi14({h, τ1}ij)
+
1
4
τ0Xij + pi7(−
1
2
{X, τ3}ij −
1
2
[X, τ1]ij +
1
12
[X, τ2]ij) + pi14(−
1
3
[X, τ1]ij)
−
1
6
gpq(∇p hqk)g
klϕlij +
1
6
(∇k Trg(h))g
klϕlij
+
1
6
(∇pXq)g
pagqbϕabkg
klϕlij (3.25)
and
∂
∂t
(τ2)ij = pi7({h, τ2}ij) + pi14(− [h, τ3]ij + {h, τ1}ij +
1
2
{h, τ2}ij)
+ pi7(−
1
3
[X, τ2]ij) + pi14({X, τ3}ij +
1
3
[X, τ1]ij)
− (∇k hli)g
kaglbϕabj + (∇k hlj)g
kaglbϕabi
−
1
3
gpq(∇p hqk)g
klϕlij +
1
3
(∇k Trg(h))g
klϕlij
−∇iXj +∇jXi +
1
3
(∇pXq)g
pagqbϕabkg
klϕlij (3.26)
Proof. This is a tedious but straightforward computation. By Proposition 2.31,
∂
∂t
(τ1)ij =
1
3
(
∂
∂t
Cij
)
−
1
6
(
∂
∂t
(P (C))ij
)
∂
∂t
(τ2)ij = −
4
3
(
∂
∂t
Cij
)
−
1
3
(
∂
∂t
(P (C))ij
)
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where Cij =
1
2 (Tij − Tji) = (τ1)ij −
1
2 (τ2)ij . Now we use Theorem 3.8, together with Lemma 3.10
and repeated applications of Proposition 2.6. We also need Lemmas A.12 and A.13 to put the terms
involving ∇h and ∇X in the form given in (3.25) and (3.26). We omit the details.
Remark 3.12. The evolution equations given in Propositions 3.9 and 3.11 are clearly quite com-
plicated. Ideally one could find an hij and X
k depending on the four torsion tensors (and their
covariant derivatives) for which these evolution equations become simpler. The sequel [16] to this
paper will discuss several specific flows of G2-structures.
4 Bianchi-type identities in G2-geometry
In this section, we apply the evolution equations from Section 3 to derive Bianchi-type identities for
manifolds with G2-structure. As a consequence, we obtain explicit formulas for the Ricci tensor and
part of the Riemann curvature tensor in terms of the full torsion tensor. This leads to new simple
proofs of some known results in G2-geometry.
4.1 Identities via diffeomorphism invariance
Let α be a smooth tensor on a manifold M , defined entirely in terms of some other tensor β. We
write α = α[β]. Suppose ft is a one-parameter family of diffeomorphisms of M such that f0 is the
identity, and ∂
∂t
ft = Y for some smooth vector field Y on M . Then, by diffeomorphism invariance,
we have
f∗t (α[β]) = α[f
∗
t (β)]
where f∗t denotes the pullback by ft. Differentiating with respect to t and setting t = 0 gives
LY α = (Dα)[LY β] (4.1)
where Dα is the linearization of the tensor α as a function of β. Explicitly, if β(t) satisfies
∂
∂t
β(t) = β1, then (Dα)(β1) =
∂
∂t
(α[β(t)]). Since (4.1) holds for any vector field Y , this yields
identities involving α. This idea was exploited by Kazdan in [17] to show that the first and second
Bianchi identities of Riemannian geometry were consequences of the diffeomorphism invariance of
the Riemann curvature tensor Rijkl as a function of the metric gij . A discussion can be found in [5].
We will apply this idea to the setting of G2-geometry, to derive ‘Bianchi-type’ identities. First,
we note that from (1.7), we have
(LY ϕ)ijk = (∇Y ϕ)ijk + (∇i Y
l)ϕljk + (∇j Y
l)ϕilk + (∇k Y
l)ϕijl (4.2)
This should be compared to the well-known analogous expression for the Riemannian metric:
(LY g)ij = (∇i Y
l)glj + (∇j Y
l)gil = ∇i Yj +∇j Yi (4.3)
which also follows from (1.7) since ∇g = 0.
Proposition 4.1. The diffeomorphism invariance of the metric g as a function of the 3-form ϕ is
equivalent to the vanishing of the Ω31 ⊕ Ω
3
27 component of ∇Y ϕ for any vector field Y . This is the
fact which was proved earlier in Lemma 2.24. See also the discussion following Remark 2.25.
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Proof. Equation (4.1) for g[ϕ] says
(LY g)ij = ∇i Yj +∇j Yi = (Dg)[LY ϕ] (4.4)
By equation (3.5), the right hand side above equals 2hij where the symmetric 2-tensor hij and the
vector field Xk are defined by the decomposition of the 3-form LY ϕ as
(LY ϕ)ijk =
1
2
himg
mlϕljk +X
mψmijk (4.5)
Consider the last three terms of (4.2). They can be written as
Aimg
mlϕljk +Ajmg
mlϕilk +Akmg
mlϕijl (4.6)
where Aij = ∇i Yj . From the discussion following Remark 2.8, the Ω
3
1 ⊕ Ω
3
27 component of this
expression is 12Simg
mlϕljk where Sij =
1
2 (Aij +Aji) =
1
2 (∇i Yj +∇j Yi). Since 2Sij is already equal
to the left hand side of (4.4), we see that equation (4.4) holds for all Y if and only if the Ω31 ⊕ Ω
3
27
component of ∇Y ϕ vanishes for all Y .
We pause here to note that this result enables us to explicitly describe the decomposition of LY ϕ
into a symmetric tensor hij and a vector field X
k as given in (4.5). We already remarked in the
proof of Proposition 4.1 that
hij =
1
2
(∇i Yj +∇j Yi) (4.7)
Also, from (2.19) and (4.6), we see that the Ω37 component of the last three terms of (4.2) is
Znψnijk where Z
n = −
1
2
(
1
2
(∇a Yb −∇b Ya)
)
gaigbjϕijkg
kn
= −
1
2
(∇a Yb)g
aigbjϕijkg
kn
using the skew-symmetry of ϕijk . Now combining this with ∇lϕijk = Tlmg
mnψnijk, we see that X
k
is
Xk = Y lTlmg
mk −
1
2
(∇a Yb)g
aigbjϕijmg
mk (4.8)
in equation (4.5).
Using (2.28) and Theorem 3.5, one can consider the analogous calculation of diffeomorphism
invariance for the 4-form ψ as a function of ϕ. It is straightforward to check that in this case no
new information is obtained. Therefore we turn our attention to the full torsion tensor Tlm.
Theorem 4.2. The diffeomorphism invariance of the full torsion tensor T as a function of the
3-form ϕ is equivalent to the following identity:
∇i Tjl −∇j Til = TiaTjbg
amgbnϕmnl +
1
2
Rijabg
amgbnϕmnl (4.9)
Proof. Equation (4.1) for T [ϕ] says
(LY T )ij = Y
l(∇l Tij) + (∇i Y
l)Tlj + (∇j Y
l)Til = (DT )[LY ϕ] (4.10)
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By Theorem 3.8, the right hand side above equals
Tilg
lmhmj + Tilg
lmXmj + (∇k hli)g
kaglbϕabj +∇iXj (4.11)
where the symmetric 2-tensor hij and the vector field X
k are given by (4.7) and (4.8), respectively.
Remark 2.8 shows that
Xmj = X
kϕkmj = Y
lTlng
nkϕkmj −
1
2
(∇a Yb)g
apgbqϕpqng
nkϕkmj
= Y lTlng
nkϕkmj −
1
2
(∇a Yb)g
apgbq(gpmgqj − gpjgqm − ψpqmj)
= Y lTlng
nkϕkmj −
1
2
∇m Yj +
1
2
∇j Ym +
1
2
(∇a Yb)g
apgbqψpqmj (4.12)
Substitute (4.7), (4.8), and (4.12) into (4.11) to obtain
Tilg
lm
(
1
2
(∇m Yj +∇j Ym)
)
+ Tilg
lm
(
Y bTbng
nkϕkmj −
1
2
∇m Yj +
1
2
∇j Ym +
1
2
(∇a Yb)g
apgbqψpqmj
)
+∇k
(
1
2
(∇l Yi +∇i Yl)
)
gkaglbϕabj +∇i
(
Y bTbj −
1
2
(∇a Yb)g
apbbqϕpqj
)
Now we expand the above expression using ∇lϕabc = Tlmg
mnψnabc and the product rule, and collect
terms. After some cancellation, we are left with
(∇j Y
l)Til + (∇i Y
b)Tbj + Y
b(∇i Tbj) + Y
bTbnTilg
nkglmϕkmj
+
1
2
(∇k∇l Yi +∇k∇i Yl)g
kaglbϕabj −
1
2
(∇i∇a Yb)g
apgbqϕpqj
for the right hand side of (4.10). Substituting this expression into (4.10), cancelling terms, rear-
ranging, and relabeling indices gives
Y l(∇l Tij)− Y
l(∇i Tlj) = Y
lTlaTibg
amgbnϕmnj (4.13)
+
1
2
(∇k∇l Yi +∇k∇i Yl −∇i∇k Yl)g
kaglbϕabj
Consider the last term in (4.13). Using the Ricci identity (1.9) and the skew-symmetry of ϕ, we
have
1
2
(∇k∇l Yi)g
kaglbϕabj =
1
4
(∇k∇l Yi −∇l∇k Yi)g
kaglbϕabj
= −
1
4
RklimY
mgkaglbϕabj
and also
1
2
(∇k∇i Yl −∇i∇k Yl)g
kaglbϕabj = −
1
2
RkilmY
mgkaglbϕabj
= −
1
4
(Rkilm −Rlikm)Y
mgkaglbϕabj
36
Putting these two expressions together, the last term of (4.13) becomes
−
1
4
(Rklim +Rkilm −Rlikm)Y
mgkaglbϕabj = −
1
4
(−Rmikl +Rmlik +Rmkli)Y
mgkaglbϕabj
= −
1
4
(−Rmikl −Rmikl)Y
mgkaglbϕabj
=
1
2
RmiklY
mgkaglbϕabj
where we have used the symmetries of Rijkl in the first line, and the Riemannian first Bianchi
identity (1.8) in the second line. Hence (4.13) becomes
Y l(∇l Tij)− Y
l(∇i Tlj) = Y
lTlaTibg
amgbnϕmnj +
1
2
Y mRmiklg
kaglbϕabj
Since this must hold for any Y , after relabelling indices this is exactly (4.9).
Remark 4.3. The identity (4.9) can also be established directly by using (2.29), (2.28), Lemma A.13,
and the Ricci identities. However the proof above shows that (4.9) is equivalent to the diffeomorphism
invariance of the full torsion tensor Tlm, and as such it deserves to be called a Bianchi-type identity
for G2-geometry.
Corollary 4.4. The following identity holds
7
4
∇i τ0 − g
jl∇j Til = −6Tia(τ1)
a −
1
2
Rabjig
amgbngjlϕmnl (4.14)
We call it the contracted Bianchi-type identity for G2-geometry.
Proof. This follows easily by contracting (4.9) on j and l, and using the fact that Tlm =
1
4τ0 glm −
(τ3)lm + (τ1)lm −
1
2 (τ2)lm and equation (2.11) for τ1.
Remark 4.5. The usefulness of (4.14) is that it shows that the ‘divergence-like’ expression gjl∇j Til is
equal to a gradient plus zero order terms in the torsion and curvature. This can potentially be used
to simplify expressions, in the same way that the contracted second Bianchi identity of Riemannian
geometry is used in Ricci flow.
4.2 Curvature formulas in terms of the torsion tensor
We now examine some consequences of Theorem 4.2. For i and j fixed, the Riemann curvature
tensor Rijkl is skew-symmetric in k and l. Hence we can use (2.9) and (2.10) to decompose it as
Rijkl = (pi7(Riem))ijkl + (pi14(Riem))ijkl
where
(pi7(Riem))ijkl =
1
3
Rijkl −
1
6
Rijabg
apgbqψpqkl (4.15)
(pi14(Riem))ijkl =
2
3
Rijkl +
1
6
Rijabg
apgbqψpqkl (4.16)
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Furthermore, by Remark 2.8, we also know that
(pi7(Riem))ijkl = (pi7(Riem))
m
ij ϕmkl (4.17)
where
(pi7(Riem))
m
ij =
1
6
Rijklg
kaglbϕabcg
cm
Thus the identity (4.9) can be expressed as
3 (pi7(Riem))
m
ij gml = ∇i Tjl −∇j Til − TiaTjbg
amgbnϕmnl (4.18)
Remark 4.6. The fact that the Ω27 part of the Riemann curvature tensor can be expressed entirely
in terms of the full torsion tensor Tlm was first demonstrated using frame bundle calculations in
section [4.5] of [2].
Corollary 4.7. If the G2-structure ϕ is torsion-free, then the Riemann curvature tensor Rijkl ∈
Sym2(Ω2) actually takes values Sym2(Ω214), where Ω
2
14
∼= g2, the Lie algebra of G2.
Proof. Setting T = 0 in (4.18) shows the for fixed i, j, we have Rijkl ∈ Ω
2
14 as a skew-symmetric
tensor in k, l. The result now follows from the symmetry Rijkl = Rklij .
Remark 4.8. This result is well-known. When T = 0, the three form ϕ is parallel and the Riemannian
holonomy of the associated metric is contained in the group G2. It is a general fact that the Riemann
curvature tensor of a metric with holonomy contained in a group G is an element of Sym2(g), where
g is the Lie algebra of G. Here we have a direct proof of this fact in the G2 case.
Lemma 4.9. Let Qijkl = Rijabg
apgbqψpqkl. Then we have Qijklg
il = 0.
Proof. We use the Riemannian Bianchi identity (1.8) and compute:
Qijklg
il = Rijabg
apgbqψpqklg
il
= −(Rjaib +Raijb)g
apgbqψpqklg
il
= Rajibg
apgbqψpqklg
il +Rbjaig
apgbqψpqklg
il
= −Rajibg
ilgbqψlqkpg
ap −Rbjaig
apgilψplkqg
bq
= −Qajkpg
ap −Qbjkqg
bq
and thus 3Qijklg
il = 0.
Remark 4.10. This is essentially Proposition [3.2] in Cleyton-Ivanov [7].
Corollary 4.11. The Ricci tensor Rjk can be expressed as
Rjk = Rijklg
il = 3 (pi7(Riem))ijklg
il =
3
2
(pi14(Riem))ijklg
il
Proof. This follows immediately from Lemma 4.9 and equations (4.15) and (4.16).
Corollary 4.12. The metric of a torsion-free G2-structure is necessarily Ricci-flat.
Proof. From Corollary 4.7, we have pi7(Riem) = 0. The result then follows from Corollary 4.11.
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Remark 4.13. When the G2-structure is torsion-free, the associated metric g has holonomy contained
in G2, and it is a classical fact due to Bonan [1] that such a metric is Ricci-flat. The original proof
depends on the fact that the conditions on the Riemann curvature tensor implied by the Lie algebra
structure of g2 are too strong to have non-zero Ricci tensor. Here we have a direct proof. We were
also informed of a simple representation-theoretic proof of this fact by Bryant [3].
Remark 4.14. Corollary 4.11 also implies that a G2-structure whose Riemann curvature tensor is
in Sym2(Ω27) is also Ricci-flat. However, this can only occur if Rijkl vanishes identically (that
is, the manifold is flat). To see this, suppose pi14(Riem) = 0. Then for fixed i, j, we have that
Rijkl = A
m
ijϕmkl because it is in Ω
2
7 as a skew-symmetric matrix in k, l. But for fixed k, l, it is also in
Ω27 as a skew-symmetric matrix in i, j, so A
m
ij = A
nmϕnij , and hence Rijkl = A
nmϕnijϕmkl. Since
Rijkl = Rklij , we have A
nm = Amn is symmetric. Now by Corollary 4.11, we have
0 = Rjk = Rijklg
il = Anmϕnijϕmklg
il
= −Anm(gnmgjk − gnkgjm − ψnjmk)
= −Trg(A)gjk +Ajk + 0
Taking the trace gives 6Trg(A) = 0, hence Ajk = 0, and therefore Rijkl = 0.
Corollary 4.11 allows us to derive an explicit formula for the Ricci curvature of the metric of any
G2-structure.
Proposition 4.15. Given a G2-structure ϕ with full torsion tensor Tlm, its associated metric g has
Ricci curvature Rjk given by
Rjk = (∇i Tjm −∇j Tim)ϕnklg
mngil
− Tjlg
liTik +Trg(T )Tjk − TjbTiag
ilgapψlpqkg
bq
(4.19)
This can also be written in the form
Rjk = ∇i (Tjmϕnklg
mngil)−∇j (Timϕnklg
mngil) (4.20)
− Tjlg
liTik +Trg(T )Tjk + TjbTiag
ilgapψlpqkg
bq
(note the change of sign on the last term.)
Proof. We use Corollary 4.11 and equations (4.17) and (4.18) to compute:
Rjk = (∇i Tjm −∇j Tim − TiaTjbg
apgbqϕpqm) g
mnϕnklg
il
= (∇i Tjm −∇j Tim)ϕnklg
mngil − TiaTjbg
apgbqgil(gpkgql − gplgqk − ψpqkl)
= (∇i Tjm −∇j Tim)ϕnklg
mngil − TikTjlg
il + TilTjkg
il − TjbTiag
ilgapψlpqkg
bq
using Lemma A.12. To obtain (4.20), we write
(∇i Tjm)ϕnklg
mngil = ∇i (Tjmϕnklg
mngil)− Tjm(∇iϕnkl)g
mngil
= ∇i (Tjmϕnklg
mngil)− TjmTipg
pqψqnklg
mngil
and similarly for the other term involving ∇T . The two extra terms add up and are negatives of the
last term in (4.19). The details are left to the reader.
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Remark 4.16. Robert Bryant derived a formula, equation [4.27] in [2], for the Ricci tensor in terms
of the intrinsic torsion in the language of frame bundles and canonical G2-connections. Our for-
mula (4.19) is an equivalent expression in the language of local coordinates. Additionally, equation
[4.30] in [2] expresseses the Ricci tensor in terms of the four independent torsion forms and the
representation-theoretic operators ‘Q’ and ‘j.’ Our expression for Rjk in terms of Tlm can also be
combined with Theorem 2.27 to obtain an expression for Rjk in terms of τ0, τ1, τ2, and τ3.
Remark 4.17. Cleyton and Ivanov [7] also derived a formula for the Ricci tensor for closed G2-
structures in terms of δϕ.
Corollary 4.18. Given a G2-structure ϕ with full torsion tensor Tlm, its associated metric g has
scalar curvature R given by
R = −12 gil∇i (τ1)j +
21
8
τ20 − |τ3|
2
+ 5 |τ1|
2
−
1
4
|τ2|
2
(4.21)
where |A|
2
= AijAklg
ikgjl is the matrix norm.
Proof. We use (4.20) and trace R = gjkRjk to obtain R =
−2 gil∇i (Tjmϕknlg
jkgmn)− TjlTikg
ligjk + (Trg(T ))
2
+ Tjb(Tiag
ilgapψlpqk)g
bqgjk (4.22)
Now recall that Tlm =
1
4τ0 glm − (τ3)lm + (τ1)lm −
1
2 (τ2)lm from Theorem 2.27. Using the fact that
the four components of Tlm are mutually orthogonal, and that τ3 is symmetric while τ1 and τ2 are
skew-symmetric, the second term in (4.22) becomes
−
(
1
4
τ0 gjl − (τ3)jl + (τ1)jl −
1
2
(τ2)jl
)(
1
4
τ0 gik − (τ3)ik + (τ1)ik −
1
2
(τ2)ik
)
gligjk
= −
7
16
τ20 − |τ3|
2
+ |τ1|
2
+
1
4
|τ2|
2
The third term is 4916 τ
2
0 . We use Proposition 2.6 on the third term to write it as
Tjb
((
1
4
τ0 gia − (τ3)ia + (τ1)ia −
1
2
(τ2)ia
)
gilgapψlpqk
)
gbqgjk
= Tjb (0 + 0− 4 (τ1)qk − (τ2)qk) g
bqgjk = 4 |τ1|
2 −
1
2
|τ2|
2
Combining these three expressions gives the last four terms of (4.21). Finally, for the first term
of (4.22) we note that by Proposition 2.6 and (2.11), we have
Tjmϕknlg
jkgmn = (τ1)jmϕknlg
jkgmn = 6 (τ1)l
and the proof is complete.
Remark 4.19. The equation (4.21) agrees exactly with equation [4.28] of [2]. It looks different because
Bryant is using the differential form norms, while we use the matrix norms in our equation (4.21).
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We close this section by considering a specific subclass of G2-structures, namely those for which
the only nonvanishing component of the torsion tensor is τ0, the scalar torsion. These are sometimes
called nearly G2 manifolds. In this case we have dψ = 0 and dϕ = τ0ψ, so differentiating the second
equation gives dτ0 ∧ ψ = 0, and hence dτ0 = 0, since wedge product with ψ is an isomorphism from
Ω17 to Ω
5
7. Thus τ0 is constant and hence ∇i Tjl = 0 in this case. Substituting into (4.20) gives
Rjk =
3
8
τ20 gjk
and we recover the known fact that nearly G2 manifolds are always Einstein with positive Einstein
constant. The squashed 7-sphere S7 is an example of such a manifold.
A Identites involving ϕ and ψ
In this section we derive several useful identities involving the 3-form ϕ and the 4-form ψ for a
manifold with a G2-structure. Some of these have appeared previously in [7] and in [2]. Here we
give proofs of them as well as some new identities. Some identities are described invariantly and
others in terms of arbitrary local coordinates.
A.1 Basic relations of G2-geometry
The main ingredients for deriving the identities of G2-geometry are the following:
Lemma A.1. The metric g, cross product ×, and 3-form ϕ satisfy the following relations:
g(u× v, w) = ϕ(u, v, w) (A.1)
(u × v)
♭
= v u ϕ = ∗(u♭ ∧ v♭ ∧ ψ) (A.2)
u× (v × w) = −g(u, v)w + g(u,w)v − (u v w ψ)
♯
(A.3)
where u, v, w are vector fields and v♭ denotes the 1-form which is metric dual to v.
Proof. See, for example, [14] for a proof. Note that in [14] there is a sign error in (A.3). With the
sign convention used in that paper, the last term should have a plus sign instead of a minus sign.
In this paper we use the opposite orientation convention, and so (A.3) has a minus sign in front of
the last term. See also [15] for more about sign conventions and orientations.
From Lemma A.1, we get:
Corollary A.2. Let a, b, c, d be vector fields. Then
g(a× b, c× d) = g(a ∧ b, c ∧ d)− ψ(a, b, c, d)
Proof. We compute
g(a× b, c× d) = ϕ(a, b, c× d)
= −ϕ(a, c× d, b)
= −g(a× (c× d), b)
= −g(−g(a, c)d+ g(a, d)c− (a c d ψ)
♯
, b)
= g(a, c)g(b, d)− g(a, d)g(b, c) + ψ(d, c, a, b)
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which is what we wanted to prove.
We will also have occasion to use the following relations, whose proofs can be found in [14].
Proposition A.3. Let α be a 1-form on M , let w be a vector field on M , and w♭ be the 1-form
dual to w. Then the following relations hold:
|ϕ|2 = 7 |ψ|2 = 7
|ϕ ∧ α|2 = 4|α|2 |ψ ∧ α|2 = 3|α|2
∗(ϕ ∧ ∗(ϕ ∧ α)) = −4α ∗(ψ ∧ ∗(ψ ∧ α)) = 3α
ψ ∧ ∗(ϕ ∧ α) = 0 ϕ ∧ ∗(ψ ∧ α) = −2ψ ∧ α
∗(ϕ ∧w♭) = w ψ ∗(ψ ∧ w♭) = w ϕ
ϕ ∧ (w ϕ) = −2 ∗ (w ϕ) ψ ∧ (w ϕ) = 3 ∗ w♭
ϕ ∧ (w ψ) = −4 ∗ w♭ ψ ∧ (w ψ) = 0
A.2 Some coordinate-free identities of G2-geometry
We now derive some identities which are useful for describing the decomposition of the space of forms
in Section 2.2 and for computing the evolution of the metric g from the 3-form ϕ in Section 3.1.
Lemma A.4. Let u, v, and w be vector fields on M . Let u♭, v♭, and w♭ denote their dual 1-forms
with respect to the metric g. Then the following identity holds:
∗ ((u ϕ) ∧ (v ϕ) ∧ (w ϕ)) = −2g(u, v)w♭ − 2g(u,w)v♭ − 2g(v, w)u♭
Proof. We begin with the general relation between ϕ, g, and the volume form:
(u ϕ) ∧ (v ϕ) ∧ ϕ = −6g(u, v)vol
Taking the interior product of this equation with w and using the fact that w vol = ∗w♭, we obtain
−6g(u, v) ∗ w♭ = (w u ϕ) ∧ (v ϕ) ∧ ϕ+ (u ϕ) ∧ (w v ϕ) ∧ ϕ
+ (u ϕ) ∧ (v ϕ) ∧ (w ϕ)
= −2(u× w)♭ ∧ ∗(v ϕ)− 2(v × w)♭ ∧ ∗(u ϕ)
+ (u ϕ) ∧ (v ϕ) ∧ (w ϕ)
where we have used equation (A.2) and the relation (v ϕ)∧ ϕ = −2 ∗ (v ϕ) from Proposition A.3.
We rearrange this equation and use ∗(v ϕ) = v♭ ∧ ψ to obtain
(u ϕ) ∧ (v ϕ) ∧ (w ϕ) = −6g(u, v) ∗ w♭ − 2v♭ ∧ (u× w)♭ ∧ ψ
− 2u♭ ∧ (v × w)♭ ∧ ψ
We now use (A.2) and (A.3), and take ∗ of both sides to get
∗ ((u ϕ) ∧ (v ϕ) ∧ (w ϕ))
= −6g(u, v)w♭ − 2(v × (u× w))♭ − 2(u× (v × w))♭
= −6g(u, v)w♭ − 2
(
−g(u, v)w♭ + g(v, w)u♭ − (v u w ψ)♯
)
− 2
(
−g(u, v)w♭ + g(u,w)v♭ − (u v w ψ)♯
)
= −2g(u, v)w♭ − 2g(u,w)v♭ − 2g(v, w)u♭
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and the proof is complete.
Remark A.5. If we put u = ∂∂xi , v =
∂
∂xj , and w =
∂
∂xl
this identity takes the form
∗
(
(
∂
∂xi
ϕ) ∧ (
∂
∂xj
ϕ) ∧ (
∂
∂xl
ϕ)
)
= −2 (gijglm + gilgjm + gjlgim) dx
m
If we take ∗ of both sides of this equation, and wedge both sides with an arbitrary 1-form α = αkdx
k,
we get
α ∧
(
(
∂
∂xi
ϕ) ∧ (
∂
∂xj
ϕ) ∧ (
∂
∂xl
ϕ)
)
= −2 (gijglm + gilgjm + gjlgim)αkdx
k ∧ ∗dxm
1
8
αs7ϕis1s2ϕjs3s4ϕls5s6dx
s1 ∧ . . . ∧ dxs7 = −2 (gijglm + gilgjm + gjlgim)αkg
km
vol
and hence
1
8
∑
σ∈S7
sgn(σ)ϕiσ(1)σ(2)ϕjσ(3)σ(4)ϕlσ(5)σ(6)ασ(7) dx
1 ∧ . . . ∧ dx7
= −2 (gijαl + gilαj + gjlαi)
√
det(g) dx1 ∧ . . . ∧ dx7
which yields the useful relation∑
σ∈S7
sgn(σ)ϕiσ(1)σ(2)ϕjσ(3)σ(4)ϕlσ(5)σ(6)ασ(7) = −16 (gijαl + gilαj + gjlαi)
√
det(g)
=
8
3
(Bijαl +Bilαj +Bjlαi) (A.4)
using the fact that Bij = −6gij
√
det(g).
Corollary A.6. Let u, v, and w be vector fields on M . Then the following holds:
∗ ((v w ϕ) ∧ (u ϕ) ∧ ϕ) = 2g(u, v)w♭ − 2g(u,w)v♭ + 2 ∗ (u v w ψ)♯
Proof. This can be seen in the proof of Lemma A.4 above, by observing what happens to the
appropriate term.
Remark A.7. If we put v = ∂
∂xl
, w = ∂
∂xi
, and u = ∂
∂xj
this identity takes the form
∗
(
(
∂
∂xl
∂
∂xi
ϕ) ∧ (
∂
∂xj
ϕ) ∧ ϕ
)
= 2(gljgim − gjiglm + ψiljm)dx
m
If we take ∗ of both sides of this equation, and wedge both sides with an arbitrary 1-form α = αkdx
k,
we get
α ∧
(
(
∂
∂xl
∂
∂xi
ϕ) ∧ (
∂
∂xj
ϕ) ∧ ϕ
)
= 2(gljgim − gjiglm + ψiljm)αkdx
k ∧ ∗dxm
1
12
αs1ϕils2ϕjs3s4ϕs5s6s7dx
s1 ∧ . . . ∧ dxs7 = 2(gljgim − gjiglm + ψiljm)αkg
km
vol
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and hence
1
12
∑
σ∈S7
sgn(σ)ασ(1)ϕilσ(2)ϕjσ(3)σ(4)ϕσ(5)σ(6)σ(7) dx
1 ∧ . . . ∧ dx7
= 2
(
gljαi − gjiαl + ψiljmg
kmαk
)√
det(g) dx1 ∧ . . . ∧ dx7
which yields the useful relation∑
σ∈S7
sgn(σ)ασ(1)ϕilσ(2)ϕjσ(3)σ(4)ϕσ(5)σ(6)σ(7) = 24
(
gljαi − gjiαl + ψiljmg
kmαk
)√
det(g)
= −4 (Bljαi −Bjiαl)
+ 24ψiljmg
kmαk
√
det(g) (A.5)
where we have again used Bij = −6gij
√
det(g).
Proposition A.8. Let u, v, and w be vector fields on M . Then the following holds:
(u v ψ) ∧ (w ϕ) ∧ ϕ = (v ψ) ∧ (u w ϕ) ∧ ϕ
Proof. We start with the (necessarily zero) 8-form
(v ψ) ∧ (w ϕ) ∧ ϕ = 0
and take the interior product with u. This gives
(u v ψ) ∧ (w ϕ) ∧ ϕ = (v ψ) ∧ (u w ϕ) ∧ ϕ+ (v ψ) ∧ (w ϕ) ∧ (u ϕ)
from which the result follows, using the fact that (v ψ) ∧ (w ϕ) ∧ (u ϕ) = 0 for any u, v, w which
is proved in [14], Theorem 2.4.7.
Remark A.9. If we put u = ∂
∂xi
, w = ∂
∂xj
, and v = ∂
∂xl
this identity takes the form
(
∂
∂xi
∂
∂xl
ψ) ∧ (
∂
∂xj
ϕ) ∧ ϕ = (
∂
∂xl
ψ) ∧ (
∂
∂xi
∂
∂xj
ϕ) ∧ ϕ
In coordinates this becomes
1
24
ψlis1s2ϕjs3s4ϕs5s6s7dx
s1 ∧ . . . ∧ dxs7 = (
∂
∂xl
ψ) ∧ (
∂
∂xi
∂
∂xj
ϕ) ∧ ϕ
and hence ∑
σ∈S7
sgn(σ)ψliσ(1)σ(2)ϕjσ(3)σ(4)ϕσ(5)σ(6)σ(7) is skew-symmetric in i, j. (A.6)
We also remark that the identity (v ψ) ∧ (w ϕ) ∧ (u ϕ) = 0 in local coordinates becomes∑
σ∈S7
sgn(σ)ϕiσ(1)σ(2)ϕjσ(3)σ(4)ψlσ(5)σ(6)σ(7) = 0 (A.7)
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Proposition A.10. Let v, w, a, b, c, d be vector fields on M . The following identities hold:
a♭ ∧ b♭ ∧ c♭ ∧ ψ = ϕ(a, b, c)vol
a♭ ∧ b♭ ∧ c♭ ∧ d♭ ∧ ϕ = ψ(a, b, c, d)vol
a♭ ∧ b♭ ∧ c♭ ∧ w♭ ∧ (v ψ) = (g(v, w)ϕ(a, b, c)− g(a, v)ϕ(w, b, c)
− g(b, v)ψ(a,w, c)− g(c, v)ϕ(a, b, w)) vol
a♭ ∧ b♭ ∧ c♭ ∧ d♭ ∧ w♭ ∧ (v ϕ) = (g(v, w)ψ(a, b, c, d)− g(a, v)ψ(w, b, c, d)
− g(b, v)ψ(a,w, c, d)− g(c, v)ψ(a, b, w, d)
− g(d, v)ψ(a, b, c, w)) vol
Proof. The first two equations follow from repeated application of (1.4). To prove the third, start
with the (necessarily zero) 8-form
a♭ ∧ b♭ ∧ c♭ ∧ w♭ ∧ ψ = 0
and take the interior product with v, and rearrange terms. The fourth equation is proved similarly.
Proposition A.11. Let a, b, c, d be vector fields on M . The following relation holds:
a♭ ∧ b♭ ∧ (c ϕ) ∧ (d ψ) = (2g(a ∧ b, c ∧ d) + ψ(a, b, c, d))vol.
Proof. We start with the relation ψ ∧ (c♭ ϕ) = 3 ∗ c♭ from Proposition A.3. Taking the interior
product with d, using Lemma A.1, and rearranging, we obtain
(c ϕ) ∧ (d ψ) = 3 ∗ (c♭ ∧ d♭)− (c× d)♭ ∧ ψ
Taking the wedge product with a♭ ∧ b♭,
a♭ ∧ b♭ ∧ (c ϕ) ∧ (d ψ) = 3 (a♭ ∧ b♭) ∧ ∗(c♭ ∧ d♭)− a♭ ∧ b♭ ∧ (c× d)
♭
∧ ψ
= 3 g(a ∧ b, c ∧ d)vol− ϕ(a, b, c× d)vol
= 3 g(a ∧ b, c ∧ d)vol− g(a× b, c× d)vol
= (2 g(a ∧ b, c ∧ d) + ψ(a, b, c, d))vol.
In the second equality, we used u♭ ∧ v♭ ∧ w♭ ∧ ψ = ϕ(u, v, w)vol from Proposition A.10, in the third
equality we used ϕ(u, v, w) = g(u× v, w), and in the final equality we used Corollary A.2.
A.3 Contractions of ϕ and ψ
The next set of identities are various contractions of ϕ, ψ, and their derivatives, in index notation.
They are used repeatedly in calculations throughout this paper.
In local coordinates x1, x2, . . . , x7, the 3-form ϕ and the dual 4-form ψ are
ϕ =
1
6
ϕijk dx
i ∧ dxj ∧ dxk
ψ =
1
24
ψijkl dx
i ∧ dxj ∧ dxk ∧ dxl
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where ϕijk and ψijkl are totally skew-symmetric in their indices. The metric is given by gij =
g( ∂∂xi ,
∂
∂xj ). The cross product is a (2, 1) tensor which we write as
∂
∂xi
×
∂
∂xj
= P kij
∂
∂xk
(A.8)
where P kij = −P
k
ji. From (A.1) it follows that
ϕijk = gklP
l
ij P
l
ij = g
klϕijk (A.9)
Setting u = ∂
∂xi
, v = ∂
∂xj
and w = ∂
∂xk
in (A.3), we obtain
∂
∂xi
×
(
∂
∂xj
×
∂
∂xk
)
= −gij
∂
∂xk
+ gik
∂
∂xj
+ ψijkl(dx
l)♯
Pmil P
l
jk
∂
∂xm
= −gij
∂
∂xk
+ gik
∂
∂xj
+ ψijklg
lm ∂
∂xm
(A.10)
The first set of identities is the following.
Lemma A.12. Let the tensors g, ϕ, ψ, and P be as given above. Then the following identities hold:
P kilP
l
jk = −6gij
ϕijkϕabcg
iagjbgkc = 42
ϕijkϕabcg
jbgkc = 6gia
ϕijkϕabcg
kc = giagjb − gibgja − ψijab
Proof. We prove the fourth equation. The other three follow by contraction with gij and using (A.9).
To obtain the fourth equation, take the inner product of (A.10) with ∂∂xn and simplify:
Pmil P
l
jkgmn = −gijgkn + gikgjn + ψijkn
ϕilag
amϕjkbg
blgmn = −gijgkn + gikgjn + ψinjk
ϕilnϕjkbg
bl = −gijgkn + gikgjn + ψinjk
which is what we wanted to show, since ϕiln = −ϕinl. We also note that the second identity above
is just a restatement in terms of indices of the fact that the pointwise norm |ϕ|
2
of ϕ is 7.
The next set of identities involves contractions of ϕ with ψ.
Lemma A.13. Let the tensors g, ϕ, and ψ be as given above. Then the following identities hold:
ϕijkψabcdg
ibgjcgkd = 0
ϕijkψabcdg
jcgkd = −4ϕiab
ϕijkψabcdg
kd = giaϕjbc + gibϕajc + gicϕabj
− gajϕibc − gbjϕaic − gcjϕabi
Proof. Again, the first two follow from the third. To prove the third, we take the inner product
of (A.8) with (A.3) and use Corollary A.2:
g
(
∂
∂xa
×
∂
∂xb
,
∂
∂xi
×
(
∂
∂xj
×
∂
∂xk
))
= gaiϕjkb − gibϕjka − ψabilP
l
jk
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But this also equals
= g
(
P lab
∂
∂xl
,−gij
∂
∂xk
+ gik
∂
∂xj
+ ψijkng
nm ∂
∂xm
)
= −gijglkP
l
ab + gikgljP
l
ab + P
l
abg
nmglmψijkn
= −gijϕabk + gikϕabj + P
l
abψijkl
Combining the two expressions and reaaranging, we obtain
giaϕjkb − gibϕjka + gijϕabk − gikϕabj − ϕjkcψabilg
cl − ϕabcψijklg
cl = 0
Denote the above expression by Aijkab. Then it is tedious but straightforward to check that
Aijkab +Aajkbi +Abijka −Akijab −Ajkabi = 0
yields the desired identity.
Finally we can contract ψ with itself.
Lemma A.14. Let the tensors g, ϕ, and ψ be as given above. Then the following identities hold:
ψijklψabcdg
iagjbgkcgld = 168
ψijklψabcdg
jbgkcgld = 24gia
ψijklψabcdg
kcgld = 4giagjb − 4gibgja − 2ψijab
ψijklψabcdg
ld = −ϕajkϕibc − ϕiakϕjbc − ϕijaϕkbc
+ giagjbgkc + gibgjcgka + gicgjagkb
− giagjcgkb − gibgjagkc − gicgjbgka
− giaψjkbc − gjaψkibc − gkaψijbc
+ gabψijkc − gacψijkb
Proof. As usual, all the identities follow from the last one. (However, this time establishing the
third from the fourth also requires using Lemma A.12.) To prove the last identity, we take the inner
product of (A.10) with itself. The calculation involves the use of Corollary A.2 twice as well as
Lemmas A.12 and A.13. The details are tedious and not enlightening, hence they are left to the
reader. As in the case of ϕ, the first identity is a restatement of the fact that |ψ|
2
= 7 pointwise.
Remark A.15. The particular expression for ψijklψabcdg
ld above is not manifestly skew-symmetric in
a, b, c. This is due to the particular way in which it was derived. Since it of course is skew-symmetric
in a, b, c, one can skew-symmetrize to obtain the more natural expression ψijklψabcdg
ld =
giagjbgkc + gibgjcgka + gicgjagkb − giagjcgkb − gibgjagkc − gicgjbgka
−
1
3
(ϕibcϕajk + ϕaicϕbjk + ϕabiϕcjk)−
1
3
(ϕjbcϕiak + ϕajcϕibk + ϕabjϕick)
−
1
3
(ϕkbcϕija + ϕakcϕijb + ϕabkϕijc)−
1
3
(giaψjkbc + gibψjkca + gicψjkab)
−
1
3
(gjaψkibc + gjbψkica + gjcψkiab)−
1
3
(gkaψijbc + gkbψijca + gkcψijab)
but since this is much more unwieldly and contains non-integer coefficients, we prefer to use the
more manageable expression given in Lemma A.14.
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Next we consider contractions involving the covariant derivatives of ϕ and ψ.
Proposition A.16. Let g, ϕ, and ψ be as before. The following identities hold:
(∇mϕijk)ϕabcg
iagjbgkc = 0
(∇mψijkl)ψabcdg
iagjbgkcgld = 0
(∇mϕijk)ψabcdg
ibgjcgkd = −ϕijk(∇mψabcd)g
ibgjcgkd
(∇mϕijk)ϕabcg
jbgkc = −ϕijk(∇mϕabc)g
jbgkc
(∇mψijkl)ψabcdg
jbgkcgld = −ψijkl(∇mψabcd)g
jbgkcgld
(∇mϕijk)ψabcdg
jcgkd = −ϕijk(∇mψabcd)g
jcgkd − 4∇mϕiab
and finally also
∇mψabcd = −(∇mϕabj)ϕcdkg
jk − ϕabj(∇mϕcdk)g
jk (A.11)
Proof. The method for establishing all of these identities should be clear. Simply take the covariant
derivative ∇m of the various equations in Lemmas A.12, A.13, and A.14, and in some cases relabel
indices to obtain the desired result. We omit the details.
We also have the following important relation.
Proposition A.17. The following relation holds between ∇φ and ∇ψ:
(∇mψijkl)ψabcdg
jbgkcgld = 3 (∇mϕijk)ϕabcg
jbgkc
Proof. We substitute (A.11) into the left hand side above, and use Lemma A.13 to obtain:
− ((∇mϕijp)ϕklqg
pq + ϕijp(∇m ϕklq)g
pq)ψabcdg
jbgkcgld
= −(∇mϕijp)g
pqgjb(ϕqklψabcdg
kcgld)− (∇mϕklq)g
pqgkcgld(ϕpijψcdabg
jb)
= − (∇mϕijp)g
pqgjb(−4ϕqab)
− (∇mϕklq)g
pqgkcgld(gpcϕida + gpdϕcia + gpaϕcdi − gicϕpda − gidϕcpa − giaϕcdp)
= 4 (∇mϕijp)ϕabqg
pqgjb + 0 + 0
− (∇mϕklq)(δ
q
ag
kcgldϕcdi − δ
k
i g
pqgldϕpda − δ
l
ig
pqgkcϕcpa − giag
pqgkcgldϕcdp)
= 4 (∇mϕijk)ϕabcg
jbgkc − (∇mϕkla)ϕcdig
kcgld + (∇mϕilq)ϕpdag
pqgld
+ (∇mϕkiq)ϕcpag
pqgkc + (∇aϕklq)ϕcdpg
pqgkcgldgia
Using Proposition A.16 on the second and final terms, the final term vanishes and the remaining
terms all combine (after relabelling some indices) to yield
3 (∇mϕijk)ϕabcg
jbgkc
and the proof is complete.
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B Review of Basic Flow Formulas
In this section we briefly review several formulas that are used frequently when studying geometric
flows. Let (M, g) be an oriented Riemannian manifold. We choose local coordinates x1, . . . , xn
and denote the Riemannian metric by gij = g(
∂
∂xi
, ∂
∂xj
). The associated volume form is then vol =√
det(g) dx1 ∧ . . .∧dxn. We use gij to denote the inverse matrix to gij , and g
ij is the induced metric
on 1-forms: gij = g(dxi, dxj).
Lemma B.1. Suppose gij depends smoothly on some parameter t. Then
∂
∂t
gij = −gik
(
∂
∂t
gkl
)
glj
Proof. We differentiate the relation gklg
lj = δkj , to obtain(
∂
∂t
gkl
)
glj + gkl
(
∂
∂t
glj
)
= 0
gikgkl
(
∂
∂t
glj
)
=
∂
∂t
gij = −gik
(
∂
∂t
gkl
)
glj
as claimed.
Lemma B.2. Suppose gij depends smoothly on some parameter t. Then
∂
∂t
det(g) =
(
∂
∂t
gij
)
gij det(g)
∂
∂t
vol =
1
2
(
∂
∂t
gij
)
gijvol
Proof. The second formula follows easily from the first, using the local coordinate expression for the
volume form. Cramer’s rule from linear algebra says
gikG
kj = det(g)δji
where Gij is the classical adjoint of gij , the transpose of the matrix of cofactors. Note that g
ij =
1
det(g)G
ij . The determinant det(g) is a linear function F (g1, . . . , gn) of the columns g1, . . . , gn of the
matrix gij . Therefore
∂
∂t
det(g) = F (
∂
∂t
g1, g2, . . . , gn) + F (g1,
∂
∂t
g2, . . . , gn) + . . .+ F (g1, g2, . . . ,
∂
∂t
gn)
where, for example, F ( ∂
∂t
g1, g2, . . . , gn) is the determinant of the matrix gij with the first column
gi1 replaced with
∂
∂t
gi1. Now we expand the first of these determinants along the first column, the
second along the second column, and so on. We obtain
∂
∂t
det(g) =
(
∂
∂t
gi1
)
Gi1 +
(
∂
∂t
gi2
)
Gi2 + . . .+
(
∂
∂t
gin
)
Gin
=
(
∂
∂t
gij
)
Gij =
(
∂
∂t
gij
)
gij det(g)
which completes the proof.
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